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Abstract
We study the problem, introduced by Qiao and Valiant [QV17], of learning from untrusted
batches. Here, we assume m users, all of whom have samples from some underlying distribution
p over 1, . . . , n. Each user sends a batch of k i.i.d. samples from this distribution; however
an ǫ-fraction of users are untrustworthy and can send adversarially chosen responses. The
goal of the algorithm is then to learn p in total variation distance. When k = 1 this is the
standard robust univariate density estimation setting and it is well-understood that Ω(ǫ) error
is unavoidable. Suprisingly, [QV17] gave an estimator which improves upon this rate when k is
large. Unfortunately, their algorithms run in time which is exponential in either n or k.
We first give a sequence of polynomial time algorithms whose estimation error approaches
the information-theoretically optimal bound for this problem. Our approach is based on recent
algorithms derived from the sum-of-squares hierarchy, in the context of high-dimensional robust
estimation. We show that algorithms for learning from untrusted batches can also be cast in
this framework, but by working with a more complicated set of test functions.
It turns out that this abstraction is quite powerful, and can be generalized to incorporate ad-
ditional problem specific constraints. Our second and main result is to show that this technology
can be leveraged to build in prior knowledge about the shape of the distribution. Crucially, this
allows us to reduce the sample complexity of learning from untrusted batches to polylogarithmic
in n for most natural classes of distributions, which is important in many applications. To do so,
we demonstrate that these sum-of-squares algorithms for robust mean estimation can be made
to handle complex combinatorial constraints (e.g. those arising from VC theory), which may be
of independent technical interest.
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1
1 Introduction
Qiao and Valiant [QV17] introduced the following basic problem, in robust distribution learning,
that they called learning with untrusted batches:
(a) We are given m batches, consisting of k samples each. Furthermore the samples come from
a discrete domain of size n. Each uncorrupted batch has the property that its samples
were drawn i.i.d. from some distribution pi that is η-close in total variation distance
1 to a
distribution p that is common to all the batches. Moreover a 1− ǫ fraction of the batches are
uncorrupted.
(b) The remaining ǫ fraction of the batches are arbitrarily corrupted. In fact, an adversary is
allowed to choose the contents of the corrupted batches after observing all of the uncorrupted
batches.
The basic question is: How well can we estimate p in total variation distance? The key features of
this problem are designed to model some of the main challenges in federated learning. In particular,
we get batches of data from different users, but no batch is large enough by itself to learn an accurate
model. In fact, the batches are generated from heterogenous sources because the ideal model for
one user is often different than the ideal model for another. Additionally some of the batches
are arbitrarily corrupted by an adversary who wishes to game our learning algorithm. In many
applications, a non-trivial fraction of the data is supplied by malicious users. The meta question
is: Can we leverage information across the batches to learn an accurate model?
In fact, the setup of learning with untrusted batches seems to model many other scenarios of
interest. Our main focus will be settings where we have some additional structure or prior knowledge
about the distributions we would like to learn. For example, suppose we want to estimate the
demand curve across heterogenous groups. In particular, let q1 < q2 < · · · < qn be a collection of
increasing prices. Then set pi,j to be the probability that a random individual from group i would
buy the product when offered a price qj but not at the price qj+1. We may not have enough data
from each group to accurately estimate pi. Nevertheless we can hope to leverage data across the
groups to estimate an aggregate curve p that is a good approximation to each pi. Interestingly,
the goal of being robust to an ǫ-fraction of the batches being corrupted now takes on a different
meaning in this setting: We are asking whether we can estimate p from data collected across the
various groups in such a way that no ǫ-fraction of the groups can bias our estimates too much.
Qiao and Valiant [QV17] showed that it is possible to estimate p within
O
(
ǫ√
k
+ η
)
in total variation distance, from untrusted batches. Moreover they showed that this is the best
possible up to constant factors. The somewhat surprising aspect of their bound is that it improves
with larger k. This is a consequence of the “tensorization” property of the total variation distance
which roughly says that the total variation distance between two distributions grows by at least a
Ω(
√
k) factor when we take k repetitions.
However, Qiao and Valiant [QV17] were only able to give an exponential time algorithm. Their
approach was to estimate p by estimating the total probability it assigns to every subset of the
domain. Each of these subproblems is again a problem of learning with untrusted batches, but one
on a discrete domain with just two elements. Qiao and Valiant [QV17] gave another algorithm,
1The total variation distance between distributions p, q over a domain D is defined to be maxS⊆D p(S)− q(S)
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but one that requires η = 0 – i.e. each of the uncorrupted batches must be generated from the
same underlying distribution. Their second algorithm was based on low-rank tensor approximation.
They wrote down an order k tensor whose entries represent the probability of seeing any particular
k tuple of samples as a batch, and showed that some slice of this tensor is an accurate estimate of
p. This algorithm also has the drawback that in order to estimate the entries of the tensor, you
need nk samples. In most applications, it would be infeasible to have so much data that you see
essentially every possible batch. Their work left open the problem of getting efficient algorithms
for learning with untrusted batches.
1.1 Our Results
In this work, we use the sum-of-squares hierarchy to design new algorithms for the problem of
learning from untrusted batches. An important feature of our approach is that it is easy to incorpo-
rate additional prior information about the shape of the distribution, and get even better running
time and sample complexity. But first, as a warm up, we will study the original learning with
untrusted batches problem. We give a sequence of polynomial time algorithms whose estimation
error approaches the information-theoretically optimal bound:
Theorem 1.1 (See Theorem 4.1 for formal statement). Fix any integer t ≥ 4. There is a polynomial
time algorithm to estimate p to within
O
(
ǫ1−1/t√
k/t
+ η
)
in total variation distance from m ǫ-corrupted batches, each of size k. Moreover the number of
batches we need is polynomial in n.
This result improves over the 2n time algorithm of Qiao and Valiant [QV17]. Note that the other
algorithm of Qiao and Valiant [QV17] runs in time nk but only works in the special case where
η = 0 – i.e. all the uncorrupted batches come from the same underlying distribution. Moreover, in
the above result, if we set t = log 1/ǫ then we get within a polylogarithmic factor of the optimal
estimation error, but at the expense of running in quasipolynomial time:
Corollary 1.1. There is an algorithm to estimate p to within
O
(
ǫ
√
log 1/ǫ√
k
+ η
)
in total variation distance from m ǫ-corrupted batches, each of size k. Moreover the running time
and the number of batches we need are polynomial in nlog 1/ǫ.
Finally, we come to what we believe to be our main contribution. In many applications, getting
samples is expensive and we might only be able to afford a number of samples that is sublinear in
the size of the domain. In such cases, it is important to utilize additional information such as prior
knowledge about the shape of the distribution. Indeed, this is the case in the example we discussed
earlier, where we often know that the distribution p satisfies the monotone hazard rate condition.
It is known that such distributions can be well-approximated by piecewise polynomial functions
[CDSS13, CDSS14b, ADLS17].
In fact, the idea of imposing structure on the underlying distribution has a long and storied
history in statistics and machine learning where it leads to better estimation rates and algorithms
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that use fewer samples [Bru55, Hil54, Weg70a]. We ask: Can prior information about the shape of
a distribution be leveraged to get better algorithms for learning from untrusted batches? Our main
result is:
Theorem 1.2 (See Theorem 5.1 for formal statement). Fix any integer t ≥ 4. If p is approxi-
mated by an s-part piecewise polynomial function with degree at most d, there is a polynomial time
algorithm to estimate p to within
O
(
ǫ1−1/t√
k/t
+ η
)
in total variation distance from m ǫ-corrupted batches, each of size k. Moreover the number of
batches we need is polylogarithmic in n and polynomial in s and d.
While the problem of learning a piecewise polynomial distribution may not seem natural in applica-
tions, previous work of [CDSS13, CDSS14b, ADLS17] has demonstrated that this can be combined
with results from approximation theory [Tim14] to achieve strong density estimation results for
a large class of distribution families such as log-concave distributions, Gaussians, monotone dis-
tributions, monotone hazard rate distributions, Binomial distributions, Poisson distributions, and
mixtures thereof [ADLS17].
In the next subsection, we describe our main techniques at a high level. The main takeaway is
that the sum-of-squares hierarchy gives a seamless way to incorporate prior information about the
structure into the estimation problem, which can lead to much better algorithms (in our case we
are able to get sublinear sample complexity).
1.2 Our Techniques
Recently, there has been a flurry of progress in high-dimensional robust estimation [DKK+19,
LRV16, CSV17, DKK+17]. While the techniques seem to be quite different from each other – some
relying on iterative filtering algorithms to remove outliers, and others relying on sum-of-squares
proofs of identifiability – at their heart, they are about finding ways to re-weight the empirical
distribution on the observed samples in such a way that it has bounded moments along any one-
dimensional projection [HL18, KSS18, DKS18].
Our main observation is that algorithms for learning from untrusted batches can also be derived
from this framework, but by working with a different family of test functions. When we consider
moments of a one-dimensional projection, we are looking at test functions that are unit vectors
(or tensor powers of them) in the ℓ2-norm. In comparison, the exponential time algorithm of Qiao
and Valiant [QV17] tries all ways of partitioning the domain into two sets. We can equivalently
think about it as choosing a test vector (or tensor power of one) that has unit ℓ∞-norm. In this
way, we study the families of distributions for which we can find a sum-of-squares certificate that
they have bounded moments with respect to unit ℓ∞ test functions. We show that the multinomial
distribution has this property, and using the proofs-to-algorithms methodology [HL18, KSS18], this
gives our improved algorithm for the general problem of learning with untrusted batches.
The beauty of this common abstraction is that it flexibly allows us to build in other problem
specific constraints, like shape constraints on p. Here, classical results from VC theory [VC74, DL01]
say that it suffices to learn the distribution in a weaker norm (see Definition 5.1) than total variation
distance, which has fewer degrees of freedom. From our perspective, the change is that, in this case,
instead of allowing all unit ℓ∞ test functions, we only have to consider those which come from
tensor powers of a vector that has a bounded number of sign changes. However, encoding this
constraint in the sum-of-squares hierarchy is quite non-trivial, as it is not clear how to encode this
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combinatorial constraint within the algebraic language of the sum-of-squares proof system. To get
around this, we demonstrate that we can relax the combinatorial constraint into a linear algebraic
one, namely, sparsity in the Haar wavelet basis. We then exploit properties of the Haar wavelet
basis to encode this constraint into our relaxation. The main open question of our work is to push
this philosophy further, and explore what other sorts of provably robust algorithms can be built out
of different choices of test functions.
1.3 Related work
The problem of learning from untrusted batches was introduced by [QV17], and is motivated by
problems in reliable distributed learning such as federated learning [MMR+17, KMY+16]. In the
TCS community, the problem of learning from batches has been considered in a number of set-
tings [LRR13, TKV17], but these results cannot tolerate noise in the data.
More generally, the question of univariate density estimation, and specifically, density es-
timation of structured distributions, has a vast literature and we cannot hope to fully survey
it here. See [BBBB72] for a survey of classical results in the area. Many different natural
structural assumptions have been considered in the statistics and learning theory communities,
such as monotonicity [Gre56, Gro85, Bir87a, Bir87b, JW09], monotone hazard rate [CDSS13,
CR14, HMR18], unimodality [Rao69, Weg70b, Fou97], convexity and concavity [HP76, KM10], log-
concavity [BRW09, DR09, Wal09], k-modality [CT04, BW07, GW09, BW10], smoothness [Bru58,
KP92, DJKP95, KPT96, DJKP96, DJ98], and mixtures of structured distributions [RW84, TSM85,
Lin95, Das99, DS00, AK01, VW02, FOS05, AM05, KMV10, MV10, DDS12b, DDS12a, DDO+13,
DKS16a, DDKT16, DKS16b, DKS16c]. The reader is referred to [O’B16, Dia16] for a more exten-
sive review of this vast literature. Recently it has been demonstrated that the classical piecewise
polynomial (or spline) methods, see e.g. [WW83, Sto94, SHKT97, WN07], can be adapted to ob-
tain general estimators for almost all of these problems with nearly-optimal sample complexity and
runtime [CDSS13, CDSS14b, CDSS14a, ADH+15, ADLS17]. While these estimators are typically
tolerant of worst-case noise, it is unclear how to adapt them to the batch setting, to obtain improved
statistical rates.
Finally, our work is also related to a recent line of work on robust statistics [DKK+19, LRV16,
CSV17, DKK+17, HL18, KSS18], a classical problem dating back to the 60s and 70s [Ans60, Tuk60,
Hub92, Tuk75]. See [Li18, Ste18] for a more comprehensive survey of this line of work. We remark
that the majority of this work focuses on estimation in ℓ2-norm or Frobenius norm, with two
notable exceptions: [BDLS17] uses learning in a sparsity-inducing norm to improve the sample
complexity for sparse mean estimation, and [SCV18] gives an information-theoretic characterization
of when mean estimation in general norms is possible, but they do not give efficient algorithms.
Our techniques are most closely related to the sum-of-squares based algorithms of [HL18, KSS18],
and this general technique has also found application in other robust learning problems such as
robust regression [KKM18] and list-decodable regression [KKK19, RY19].
1.4 Organization
In Section 2, we provide a high-level overview of our techniques. In Section 3, we give notation,
a formal description of the generative model, a recap of the key SoS tools needed, and show a
sum-of-squares proof that multinomial distributions have bounded moments. In Section 4 we give
a proof of Theorem 4.1. In Section 5, we give a proof of Theorem 5.1. The technical heart of this
work is Section 6, where we fill in the details on how to efficiently encode key constraints from our
SoS relaxations using matrix SoS. In Appendix A, we provide proofs deferred from earlier sections.
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2 High-Level Argument
In this section we give an overview of how we prove Theorems 4.1 and 5.1. The ideas required for
the latter are a strict subset of those for the former, so we first describe the aspects common to
both proofs before elaborating in Section 2.4 and 2.5 on techniques specific to Theorem 5.1, which
we view as the main contribution of this work. As these latter sections are somewhat technical,
readers new to the use of sum-of-squares for robust mean estimation may feel free to skip them on
first reading, as the other sections will be sufficient for understanding the proof of Theorem 4.1.
2.1 Robust Mean Estimation
We first recast the problem of learning from untrusted batches as a generalization of the problem
of robustly estimating the mean of a multinomial distribution in L1 distance.
To the i-th batch of k samples Zi = (Zi1, ..., Z
i
k) from [n] we may associate the vector of fre-
quencies Yi ∈ ∆n (where ∆n ⊂ Rn is the probability simplex) given by
(Yi)j =
1
k
k∑
ν=1
1[Ziν = j] ∀j ∈ [n].
If Z1, ..., ZN are independent batches of k iid draws from p1, ...,pN respectively, then Y1, ..., YN
are independent draws from Mulk(p1), ...,Mulk(pN ) respectively, where Mulk(pi) is defined to be
the normalized multinomial distribution given by k draws from pi. We can think of the learning
algorithm as taking in vectors X1, ...,XN ∈ ∆n, such that a (1− ǫ)N -sized subset of them, indexed
by Sg ⊂ [N ], are independent draws from Mulk(pj) for j ∈ Sg, and the remaining points are
arbitrary vectors in ∆n. The goal of the learning algorithm is to learn p in L1 distance. Note that
when pi = p for all i ∈ Sg, this is precisely the problem of robustly estimating the mean p of a
(normalized) multinomial distribution.
For simplicity, we will assume that δ = 0 for the rest of this subsection, i.e. that p1 = · · · = pN .
Indeed, one appealing feature of our techniques is the ease with which one can extend the techniques
we describe below to handle the case of nonzero δ.
2.2 Searching for a Moment-Bounded Subset
A recurring theme in the robust learning literature [DKK+19, LRV16, HL18, KSS18, DKS18] is
that one can detect corruptions in the data by looking for anomalies in the empirical moments. In
our setting, one useful feature of multinomial distributions Mulk(p) is that their moments up to
degree k satisfy sub-Gaussian-type bounds.
Theorem 2.1 ([Lat97]). For a (normalized) binomial random variable Z ∼ 1k · Bin(k, p),
E[(Z − p)t]1/t .
√
t/k
for any even t ≤ k.
Multinomial distributions inherit these same properties:
Lemma 2.1. For any discrete distribution p and any vector v ∈ {±1}n, if X ∼ Mulk(p), then
E[〈X − p, v〉t]1/t .
√
t/k
for any even t ≤ k.
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At a high level, our algorithms will search for a (1 − ǫ)N -sized subset S of the samples whose
empirical moments satisfy these bounds, namely
1
|S|
∑
i∈S
〈Xi − pˆ, v〉t ≤ (8t/k)t/2 ∀v ∈ {±1}n, (1)
where pˆ = 1|S|
∑
i∈S Xi is the empirical mean of S. This search problem can be reformulated
as solving some system P of polynomial equalities and inequalities (see Section 4 for a formal
specification). So if we could solve this system and argue that the empirical mean of any subset
S ⊂ [N ] which satisfies the system is O(ǫ/√k)-close in L1 to p, then we’d be done.
There are two complications to this approach:
(A) The problem of solving polynomial systems is NP-hard in general.
(B) Constraint (2.2) is a collection of exponentially many constraints.
By now it is well-understood how to circumvent issues like (A): use the sum-of-squares (SoS)
hierarchy to relax the problem of searching for a single solution to P, or even a distribution over
solutions, to the problem of searching for a pseudodistribution over solutions. We will give for-
mal definitions in Section 3.3, but roughly speaking, a pseudodistribution satisfying P is a linear
functional that is indistinguishable from a distribution when evaluated on low-degree polynomials
arising from the polynomials in P.
The key point then is that if one can write down a “simple” proof that any solution to P
has empirical mean close to p, i.e. a proof using only low-degree polynomials arising from the
polynomials in P,2 then the following learning algorithm will succeed:
(1) Solve an SDP to find a pseudodistribution E˜ satisfying P in polynomial time.
(2) Extract from E˜ an estimate for p.3
We remark that this methodology of extracting SoS algorithms from simple proofs of identifiability
has been used extensively in many recent works; we refer the reader to [RSS18] for a comprehensive
overview.
2.3 Quantifying over {±1}n via Matrix SoS
We now show how to address issue (B) above. The key is to design a smaller system of polynomial
constraints which imply each of the exponentially many constraints in (2.2) under the SoS proof
system, that is to say, we should be able to derive all of the constraints in (2.2) from the constraints
in the smaller system, using only “low-degree” steps like Cauchy-Schwarz and Holder’s. We remark
that although the trick we will describe for doing this has appeared previously in the literature
under the name of “matrix SoS proofs” [HL18], we believe a complete but informal treatment of
this technique will help the reader better appreciate the subtleties in how we extend this approach
to obtain Theorem 5.1.
To describe the trick, we first abstract out the more problem-specific details of the polynomial
systems we will consider. Say we wish to encode the following exponentially large program with a
smaller polynomial system.
2Practically speaking, for a proof to be “simple” in the above sense effectively means that the steps in the proof
involve nothing more than applications of Cauchy-Schwarz and Holder’s inequalities and avoid use of concentration
and union bounds.
3We are glossing over this second step, but it turns out that a naive rounding scheme suffices (see Section 4.4).
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Program 1. Q The variables consist of {Zα,β} for all multisets α, β ⊆ [n] of size t/2, as well
as some other variables x1, ..., xM . The constraints include {p1(x,Z) ≥ 0, ..., pm(x,Z), q1(x,Z) =
0, ..., qm(x,Z) = 0} as well as the constraint
〈Z, v⊗t/2(v⊗t/2)〉 ≤ 1 ∀v ∈ {±1}n. (2)
Suppose we know that 1 has a satisfying assignment (Z∗, x∗) to its variables— in the systems
we will actually work with, the existence of a satisfying assignment will be immediate, e.g. the set
of all uncorrupted points is a satisfying assignment to the program sketched in Section 2.2.
Remark 2.1. While the meaning of Z will be irrelevant to the proceeding discussion, the reader
might find it helpful to think of Z∗, up to scaling, as the matrix Z[Sg] defined by:
Z[S] ,
1
|S|
∑
i∈S
[
(Xi − pi)⊗t/2
]⊤ [
(Xi − pi)⊗t/2
]
− 1|S|
∑
i∈S
EX∼Di
[
(X − pi)⊗t/2
]⊤ [
(X − pi)⊗t/2
]
.
(3)
The reason is that via the identity
〈V [S], v⊗t/2(v⊗t/2)⊤ = 1|S|
∑
i∈S
〈Xi − pi, v〉t − 1|S|
∑
i∈S
EX∼Di〈X − pi, v〉t,
Z[Sg] gives a succinct way of describing the deviation of the empirical moments of the subset S
from the true moments.
Returning to the task at hand, we would like to write down an auxiliary program 1̂ which
satisfies three criteria, namely that 1̂
(a) has polynomially many variables and constraints
(b) implies 1 under the SoS proof system, and
(c) is satisfiable.
In this case, we would be done: we could simply solve an SDP to find a pseudodistribution E˜
satisfying 1̂ and round it. Because of (c) we know our SDP solver will return something, because
of (b) we know it will do so in polynomial time, and because of (a) E˜ enjoys all the same properties
that a pseudodistribution satisfying 1 would.
To see how to design such an auxiliary program 1̂, let us suppose further that the satisfying
assignment (Z∗, x∗) for 1 satisfies the property that (1) holds as a polynomial inequality in v.
Specifically, if we had formal variables v1, ..., vn, suppose that one knew the existence of a proof,
starting with just the polynomial equations {v21 = 1, ..., v2n = 1} cutting out the Boolean hypercube,
that the inequality 〈Z∗, v⊗t/2(v⊗t/2)⊤〉 ≤ 1 held, where we now view this inequality as a polynomial
equation solely in the variables v1, ..., vn, with coefficients specified by the fixed choice of Z
∗.
Showing this last assumption holds in the settings we consider will be nontrivial, but assuming
for now that it does, the final idea needed to write down 1ˆ is the following. Instead of searching for
Z∗ satisfying the exponentially large collection of constraints (1), we can search for Z∗ for which
the abovementioned SoS proof of 〈Z∗, v⊗t/2(v⊗t/2)⊤〉 ≤ 1 exists. The key point is that this search
problem can be encoded in a much smaller polynomial system.
In particular, as will be evident once we give formal definitions of SoS proofs, the existence of
such an SoS proof is equivalent to satisfiability of some new polynomial constraints in Z∗ and some
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auxiliary variables corresponding to the steps of the SoS proof. To form 1ˆ, we will introduce these
auxiliary variables and replace constraint (1) with these new polynomial constraints. The reason
this general approach is called “matrix SoS” is that these new variables will be matrix-valued, and
these new constraints will be inequalities between matrix-valued polynomials. The full details of
this approach are provided in Section 6.1.
2.4 VC Meets Sum-of-Squares
Next, we describe the ideas that go into proving Theorem 5.1. The first is that when p is (η, s)-
piecewise degree-d, to learn p in total variation distance, it is enough to learn p in a much weaker
norm which we will denote by ‖·‖AK , where K is a parameter that depends on s and d. This insight
was the workhorse behind state-of-the-art density estimation algorithms for various structured
univariate distribution classes [Dia16, ADLS17, LS17]. In our setting, the main point is that if we
have an estimate p˜ for p for which ‖p˜− p‖AK ≤ ζ, then by a result of [ADLS17], we can refine p˜
to get an estimate p∗ for which dTV (p,p∗) ≤ O(ζ + η) efficiently. We review the details for this in
a self-contained manner in Section 5.1.
The algorithm of [ADLS17] will form an important part of the boilerplate for our learning
algorithm, but the key difficulty will be to actually find p˜ which is close to p in this weaker norm.
We defer definitions to Section 5.1, but informally, ‖p− p˜‖AK is small if and only if 〈p − p˜, v〉 is
small for all v ∈ VnK ⊂ {±1}n, where VnK is the set of all v ∈ {±1}n with at most K sign changes
when read as a vector from left to right (for example, (1, 1,−1,−1, 1, 1, 1) ∈ V72 ).
The natural approach to do this would be to search for a (1− ǫ)N -sized subset S of the samples
whose empirical moments satisfy
1
|S|
∑
i∈S
〈Xi − pˆ, v〉t ≤ (8t/k)t/2 ∀v ∈ VnK . (4)
Roughly, the sample complexity savings would then come from the fact that the empirical moments
will concentrate in much fewer samples because the set of directions we need to union bound over
is much smaller.
Of course, if K = O(1), we could afford to simply write down all poly(n) constraints in (2.4).
For typical applications of piecewise polynomial approximations though, K has a logarithmic de-
pendence on n, so our m ain challenge is to obtain runtimes that do not depend exponentially on
K. In particular, just as we will use matrix SoS to succinctly encode (2.2) for Theorem 4.1, we will
use matrix SoS to succinctly encode (2.4) for Theorem 5.1. Next, we discuss some of the subtleties
that arise in this encoding.
2.5 Quantifying over VnK
As in Section 2.3, we will abstract out the problem-specific details and focus on finding an encoding
for the following program:
Program 2. Q′ The variables consist of {Zα,β} for all multisets α, β ⊆ [n] of size t/2, as well
as some other variables x1, ..., xM . The constraints include {p1(x,Z) ≥ 0, ..., pm(x,Z), q1(x,Z) =
0, ..., qm(x,Z) = 0} as well as the constraint
〈Z, v⊗t/2(v⊗t/2)⊤〉 ≤ 1 ∀v ∈ VnK .
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The primary stumbling block is that, unlike the Boolean hypercube, VnK is not cut out by a small
number of polynomial relations. Indeed, conventional wisdom says that the sum-of-squares hierar-
chy is ill-suited to capturing combinatorial constraints like the ones defining VnK .
The first observation is that there is an alternative orthonormal basis, the Haar wavelet basis,
under which we can express any v ∈ VnK as a vector with a small number s = O˜(K) of nonzero
entries. One issue with this is that L0 sparsity cannot be captured by a small number of polynomial
constraints, but we could try relaxing this to L1 sparsity and attempt to derive an SoS proof of
(2.4) out of the L1 constraint.
Specifically, one could try to argue that any pseudodistribution E˜ over the formal variables
v1, ..., vn,W1, ...,Wn satisfying the inequalities
(a) v2i = 1 for all i ∈ [n].
(b) −Wi ≤ (Hv)i ≤Wi for all i ∈ [n].
(c)
∑
iWi ≤ s.
must satisfy
E˜
[〈
Z∗, v⊗t/2(v⊗t/2)⊤
〉]
≤ 1, (5)
where Z∗ is a constant, fixed to a satisfying assignment to Q. Note that (2.5) can be rewritten as〈
Z∗, E˜
[
v⊗t/2(v⊗t/2)⊤
]〉
≤ 1,
and one can check (Lemma A.1) that the set of all nt/2×nt/2 matrices of the form E˜ [v⊗t/2(v⊗t/2)⊤]
for E˜ satisfying the three inequalities above is contained in the convex set K of all matrices whose
Haar transforms are L1,1-norm bounded
4 by st and Frobenius norm bounded by nt/2.
At this point it will be useful to instantiate all of this in the setting of this paper. Thinking of
Z∗, up to scaling, as Z[Sg] as defined in (2.1), we need to ensure that its inner product with any
matrix from K is at most one. The matrix Z[Sg] depends on the uncorrupted samples N , so at this
point we are merely tasked with proving some large deviation bound (where “proof” now is in the
literal, non-SoS sense).
We expect this to hold with high probability for N sublinear in n because the covering number
of K should be much smaller than that of the set of all matrices with Frobenius norm bounded
by nt. As covering number bounds can be quite subtle, we opt instead for a shelling argument.
Specifically, we can show that any elementM with bounded L1,1 and Frobenius norms can be written
as a sum of st-sparse matrices whose Frobenius norms sum to at most ‖M‖F (see Lemma 6.4 and
its consequences in Section 6.3 and Appendix A), reducing the task of building a net over K to
building a net N over st-sparse matrices of Frobenius norm bounded by nt/2.
The final and perhaps most important subtlety that arises is that as stated, this argument cannot
achieve sublinear sample complexity because the inverse Haar transform of an st-sparse matrix
with Frobenius norm nt/2 may have large max-norm, which would preclude the sorts of univariate
concentration bounds one would hope to apply on each direction in N . More concretely, the issue
is that ultimately, the net N over st-sparse matrices of bounded Frobenius norm corresponds to a
net N ′ over K given by the inverse Haar transform of all elements of N . And we would need to
show that for any given M ∈ N ′, 〈Z[Sg],M〉 is at most one with high probability. But if we have
no control over the scaling of the max-norm of these M ’s, this is evidently impossible.
4The L1,1 norm of a matrix is defined to be the sum of the absolute values of its entries.
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The workaround for this subtlety requires modifying the three inequalities used above, as well
as the definition of K, by incorporating properties of the Haar wavelet basis beyond just the fact
that vectors from VnK are sparse in this basis. Roughly speaking, the key is to exploit the inherent
multi-scale nature of the Haar wavelet basis.
This is best understood with an example. Instead of matrices, we will work with vectors (the
reader can think of this as the “t = 1” case). In the following example, we will first try to convey
1) that there exist sparse vectors with L2 norm
√
n but whose inverse Haar transforms are as large
as
√
n/2 in L∞ norm. To reiterate, this is an issue because any w ∈ Rn which is a Haar transform
of some vector v ∈ {±1}n with few sign changes is sparse and has L2 norm
√
n, yet the inverse
Haar transform of w, i.e. v itself, has L∞ norm 1. In other words, simply relaxing the set of
v ∈ {±1}n to the set of all vectors whose Haar transforms are sparse introduces problematic new
vectors with substantially different properties than the vectors v. We will then 2) give a flavor of
how we circumvent this crucial subtlety.
Example 2.1. Let n = 2m. The Haar wavelet basis for Rn contains the vector
ψℓ ,
(
1√
2
,− 1√
2
, 0, 0, ..., 0
)
.
Say this is the ℓ-th vector in the basis. Then the vector w which has ℓ-th entry equal to
√
n and all
other entries 0 is clearly sparse and has L2 norm
√
n. But its inverse Haar transform is(√
n/2,−
√
n/2, 0, 0, ..., 0
)
,
which has largest entry
√
n/2, whereas obviously any v ∈ {±1}n has largest entry 1.
One reason this example is not so bad is that if we express any v ∈ {±1}n as a linear combination
of Haar wavelets, the coefficient for the ℓ-th Haar wavelet, by orthonormality of the Haar wavelet
basis, is 〈v, ψℓ〉 ≤
√
2. That is, the Haar transform of any such v has ℓ-th entry at most
√
2. So if
we added to the collection of constraints defining K this additional constraint, we would already get
rid of some problematic vectors like w.
More generally, problematic vectors like w in Example 2.1 exist at every “level” of the Haar
wavelet basis, and it will be necessary to handle each of these levels appropriately. We defer the
details to Lemma 6.3 and its consequences in Sections 6.3 and Appendix A.
3 Technical Preliminaries
3.1 Notation
• Let ∆n ⊂ Rn be the simplex of nonnegative vectors whose coordinates sum to 1. Any p ∈ ∆n
naturally corresponds to a probability distribution over [n].
• Given p ∈ ∆n, let Mulk(p) denote the distribution over ∆n given by sampling a frequency vector
from the multinomial distribution arising from k draws from the distribution over [n] specified
by p, and dividing by k.
For example, when n = 2 and p = (p, 1− p), Mulk(p) is the distribution given by sampling from
Bin(k, p) and dividing by k.
• Given polynomials p, q1, ..., qm in formal variables x1, ..., xn, we say that p is in the ideal generated
by q1, ..., qm at degree d if there exist polynomials {si}i∈[m] for which q(x) =
∑m
i=1 si(x)qi(x) where
each si(x)qi(x) is of degree at most d.
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• Recall the definition of the flattened tensor from (2.1). For any S ⊆ [N ],
Z[S] ,
1
|S|
∑
i∈S
[
(Xi − pi)⊗t/2
]⊤ [
(Xi − pi)⊗t/2
]
− 1|S|
∑
i∈S
EX∼Di
[
(X − pi)⊗t/2
]⊤ [
(X − pi)⊗t/2
]
.
• Given matrix M , denote by ‖M‖1,1 the sum of the absolute values of its entries.
3.2 The Generative Model
Throughout the rest of the paper, let ǫ, δ > 0, n, k,N ∈ N, and let p ∈ ∆n be some probability
distribution over [n].
Definition 3.1. We say Z1, ..., ZN is an ǫ-corrupted set of N δ-diverse batches of size k from p if
they are generated via the following process:
• For every i ∈ [(1 − ǫ)N ], Z˜i = (Z˜i1, ..., Z˜ik) is a set of k iid draws from pi, where pi ∈ ∆n is
some probability distribution over [n] for which dTV (p,pi) ≤ δ.
• A computationally unbounded adversary inspects Z˜1, ..., Z˜(1−ǫ)N and adds ǫN arbitrarily
chosen tuples Z˜(1−ǫ)N+1, ..., Z˜N ∈ [n]k, and returns the entire collection of tuples in any
arbitrary order as Z1, ..., ZN .
3.3 Sum-of-Squares Toolkit
Let x1, ..., xn be formal variables, and let Program P be a set of polynomial equations and inequal-
ities {p1(x) ≥ 0, ..., pm(x) ≥ 0, q1(x) = 0, ..., qm(x) = 0}.
We say that the inequality p(x) ≥ 0 has a degree-d SoS proof using P if there exists a polynomial
q(x) in the ideal generated by q1(x), ..., qm(x) at degree d, together with sum-of-squares polynomials
{rS(x)}S⊆[m] (where the index S is a multiset), such that
p(x) = q(x) +
∑
S⊆[m]
rS(x) ·
∏
i∈S
pi(x),
and such that deg(rS(x) ·
∏
i∈S pi(x)) ≤ d for each multiset S ⊆ [m]. We denote this by the notation
P ⊢d p(x) ≥ 0
When P = {1}, we will denote this by ⊢d p(x) ≥ 0.
A fact we will use throughout without comment is that SoS proofs compose well:
Fact 1. If P ⊢d p(x) ≥ 0 and B ⊢d′ q(x) ≥ 0, then P ∪ B ⊢max(d,d′) p(x) + q(x) ≥ 0 and
P ∪ B ⊢dd′ p(x)q(x) ≥ 0.
It is useful to consider the objects dual to SoS proofs, namely pseudodistributions. A degree-d
pseudodistribution is a linear functional E˜ : R[x]≤d → R satisfying the following properties:
1. Normalization: E˜[1] = 1
2. Positivity: E˜[p(x)2] for every p of degree at most d/2.
12
We will use the terms “pseudodistribution” and “pseudoexpectation” interchangeably.
A degree-d pseudodistribution E˜ satisfies Program P = {p1(x) ≥ 0, ..., pm(x) ≥ 0, q1(x) =
0, ..., qm(x) = 0} if for every multiset S ⊆ [m] and sum-of-squares polynomial r(x) for which
deg(r(x) ·∏i∈S pi(x)) ≤ d, we have E˜[r(x) ·∏i∈S pi(x)] ≥ 0, and for every q(x) in the ideal generated
by q1, ..., qm at degree d, we have E˜[q(x)] = 0.
The following fundamental fact is a consequence of SDP duality:
Fact 2. If P ⊢d p(x) ≥ 0 and E˜ is a degree-d pseudodistribution satisfying P, then E˜ satisfies
P ∪ {p ≥ 0}.
We collect some basic inequalities that are captured by the SoS proof system, the proofs of
which can be found, e.g., in Appendix A of [HL18] and [MSS16].
Fact 3 (SoS Cauchy-Schwarz). Let x1, ..., xn, y1, ..., yn be formal variables. Then
⊢4
(
n∑
i=1
xiyi
)2
≤
(
n∑
i=1
x2i
)
·
(
n∑
i=1
y2i
)
Fact 4 (SoS Holder’s). Let w1, ..., wn, x1, ..., xn be formal variables. Then for any t ∈ N a power of
2, we have
{w2i = wi ∀i ∈ [n]} ⊢O(t)
(
n∑
i=1
wixi
)t
≤
(
n∑
i=1
wi
)t−1
·
n∑
i=1
xti
and
{w2i = wi ∀i ∈ [n]} ⊢O(t)
(
n∑
i=1
wixi
)t
≤
(
n∑
i=1
wi
)t−1
·
n∑
i=1
wix
q
i .
We will also use the following consequence of scalar Holder’s inequality.
Fact 5. Let ℓ(x) be a linear form in the formal variables x1..., xn. Then if E˜ is a degree-t pseu-
dodistribution, then
E˜[ℓ(x)]t ≤ E˜[ℓ(x)t].
Proof. Because E˜ is a degree-t pseudodistribution, there exists a pseudo-density H(·) such that
E˜[p(x)] =
∑
xH(x) · p(x) for any degree-t polynomial p. So by scalar Holder’s inequality we get
that
E˜[ℓ(x)]t =
(∑
x
H(x)ℓ(x)
)t
≤
(∑
x
H(x)
)t−1
·
(∑
x
H(x)ℓ(x)t
)
= E˜[1]t−1 · E˜[ℓ(x)t] = E˜[ℓ(x)t]
as claimed.
The following elementary inequality will also be useful.
Fact 6. {x2 = 1} ⊢2 −1 ≤ x ≤ 1.
Proof. Noting that
1− x = 1
2
(1− x2 + (x− 1)2) and 1 + x = 1
2
(1− x2 + (x+ 1)2), (6)
the claim follows.
For a thorough treatment on the SoS proof system, we refer the reader to [OZ13, BS14].
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3.4 Certifiably Bounded Distributions
Recall from Section 2.3 that a prerequisite for the “matrix SoS” approach to work is that the
exponentially large program from Section 2.2 must have a satisfying assignment for which there
exists an SoS proof of the requisite empirical moment bounds (2.2) using the axioms {v2i = 1 ∀i ∈
[n]}. A necessary condition for this to hold is for there to be an SoS proof from these axioms that
the true moments of p itself satisfy these same bounds. Again, we emphasize that these bounds
should be regarded as polynomial inequalities solely in the variables v1, ..., vn.
Here we formalize what we mean by the existence of such a proof.
Definition 3.2. A distribution D over Rd with mean µ is (t,∞)-explicitly bounded with variance
proxy σ if for every even 2 ≤ s ≤ t:
{v2i = 1 ∀i ∈ [n]} ⊢s EY∼D[〈Y − µ, v〉s] ≤ (σs)s/2 (7)
We remark that while a consequence of Theorem 2.1, due to [Lat97], is that the moments of any
multinomial distribution satisfy these bounds, the proof in that work uses exponentials and is thus
not an SoS proof without additional modifications to the argument. Here we give an SoS proof, at
the cost of less desirable constants than those of [Lat97]. To our knowledge, this SoS proof is new.
Lemma 3.1. Let D = Mulk(p) for any p ∈ ∆n. Then D is (k,∞)-explicitly bounded with variance
proxy 8/k.
Proof. It is enough to show (3.2) for v for which ‖v‖∞ = 1. By definition µ = EY∼D[Y ], so we may
symmetrize as follows:
⊢s EY∼D[〈Y − µ, v〉s] = EY∼D[〈Y − EY ′∼D[Y ′], v〉s]
≤ EY,Y ′∼D[〈Y − Y ′, v〉s],
where the inequality follows from SoS Cauchy-Schwarz. But note that the random variable 〈Y, v〉 is
the average of k independent copies of the random variable which takes on value vi with probability
pi for every i ∈ [n]. So define Z to be the symmetric random variable which takes on value (vi−vi′)
with probability pip
′
i for every (i, i
′) ∈ [n]× [n]. Then for Z1, ..., Zk independent copies of Z,
〈Y − Y ′, v〉 d= 1
k
∑
Zi
We conclude that for any 1 ≤ s ≤ k,
⊢s EY∼D[〈Y − µ, v〉s] ≤ 1
ks
E[(Z1 + · · ·+ Zk)s]
=
1
ks
∑
β:|β|=s
(
s
β1, ..., βk
)
E[Zβ] (8)
=
1
ks
∑
β:|β|=s
βi even ∀1≤i≤k
(
s
β1, ..., βk
)
E[Zβ ] (9)
≤ 1
ks
(2sk)s/2 ·max
β
E[Zβ] (10)
≤ (2s/k)s/2 ·max
β
k∏
i=1
E[Zβii ] (11)
≤ (8s/k)s/2, (12)
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where the sum in (3.4) ranges over all monomials β of total degree s, that is, all tuples β ∈ [s]k for
which
∑k
i=1 βi = s. Equation (3.4) follows from the fact that E[Zβ] =
∏k
i=1 E[Z
βi
i ] by independence,
and E[Zdi ] = 0 for any odd d because Z is symmetric. For equation (3.4), note that by balls-and-
bins, there are
(s/2+k−1
s/2
) ≤ (3eks )s/2 choices of β, and ( sβ1,...,βk) ≤ s!≤ ss+1/2e−s+1, and we may
crudely bound the product of these quantities as
(3ek/s)s/2 · ss+1/2e−s+1 ≤ (2sk)s/2.
Equation (3.4) follows by independence, and for (3.4) we need that for every even 2 ≤ d ≤ s, there
is a degree-s SoS proof that E[Zd] ≤ 2d. But by Fact 6, {v2i = 1 ∀i ∈ [n]} ⊢2 −2 ≤ vi − vi′ ≤ 2,
from which there is a degree-d proof that (vi − vi′)d ≤ 2d. So
{v2i = 1 ∀i ∈ [n]} ⊢d E[Zd] =
∑
i,i′
pipi′(vi − vi′)d ≤ 2d
∑
i,i′
pipi′ = 2
d
as claimed.
4 Efficiently Learning from Untrusted Batches
In this section we prove our result on the general problem of learning from untrusted batches.
Theorem 4.1. Let t ≥ 4 be any integer. There is an algorithm that draws an ǫ-corrupted set of N δ-
diverse batches of size k from p for N ≥ δ−2ǫ−2nO(t) ·kt/tt−1, runs in time δ−2tǫ−2tnO(t2) ·kt2/tt(t−1),
and with probability 1−1/poly(n) outputs a distribution pˆ for which dTV (p, pˆ) ≤ O(δ+ǫ1−1/t
√
t/k).
We will describe our polynomial system and algorithm, list deterministic conditions under which
our algorithm will succeed, give an SoS proof of identifiability, and conclude the proof of Theorem 4.1
by analyzing the rounding step of our algorithm. We will defer technical details for how to encode
some of the constraints of our polynomial system to Section 6.
4.1 An SoS Relaxation
Let t be a power of two, to be chosen later. For p ∈ ∆n, let D = Mulk(p). Let Y1, ..., YN ∈ ∆n be
the set of iid samples from D1, ...,DN respectively, where for each i ∈ [N ] we have Di = Mulk(pi) for
some pi ∈ ∆n satisfying dTV (pi,p) ≤ δ. Let {Xi}i∈[N ] ∈ ∆n be those samples after an ǫ-fraction
have been corrupted. Let Sg ⊂ [N ] (resp. Sb ⊂ [N ]) denote the subset of uncorrupted (resp.
corrupted) points.
Program 3. P The variables are {wi}i∈[N ], {pˆi}i∈[N ], and pˆ, and the constraints are
1. w2i = wi for all i ∈ [N ].
2.
∑
wi = (1− ǫ)N .
3. For every v ∈ {±1}n and every i ∈ [N ], 〈pˆi − pˆ, v〉 ≤ 5δ.
4.
∑
i∈[N ]wiXi = pˆ
∑
i∈[N ]wi.
5. For every v ∈ {±1}n ∑
i∈[N ]
wi〈Xi − pˆi, v〉t ≤ (8t/k)t/2 ·
∑
i∈[N ]
wi (13)
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6. pˆi ≥ 0 for all i ∈ [n] and
∑
i pˆi = 1.
Note that constraints (3) and (5) are quantified over all v ∈ {±1}n, so as stated, Program 3 is a
system of exponentially many polynomial constraints. In Section 6, we will explain how to encode
these constraints as a small system of polynomial constraints. For now, we state the following
without proof.
Lemma 4.1. There is a system 5 of degree-O(t) polynomial equations and inequalities in the vari-
ables {wi}, {pˆi}, pˆ, and nO(t) other variables, whose coefficients depend on ǫ, t,X1, ...,Xn such
that
1. (Satisfiability) With probability at least 1 − 1/poly(n), 5 has a solution in which pˆ = p and
for each i ∈ [N ], pˆi = pi and wi is the indicator for whether Xi is an uncorrupted point.
2. (Encodes Moment Bounds) 5 ⊢O(t) 3.
3. (Solvability) If 5 is satisfied, then for every integer C > 0, there is an nO(Ct)-time algorithm
which outputs a degree-Ct pseudodistribution which satisfies 5 up to additive error 2−n.
This suggests the following algorithm for learning from untrusted batches: use semidefinite
programming to efficiently obtain a pseudodistribution over solutions to Program 5, and round
this pseudodistribution to an estimate for p by computing the pseudoexpectation of the pˆ vari-
able. A formal specification of this algorithm, which we call LearnFromUntrusted, is given in
Algorithm 1 below.
Algorithm 1. LearnFromUntrusted
Input: Corruption parameter ǫ, diversity parameter δ, support size n, batch size k,
samples {Xi}i∈[N], degree t
Output: Estimate pˆ
1. Run SDP solver to find a pseudodistribution E˜ of degree O(t) satisfying the
constraints of Program 5.
2. Return E˜[pˆ].
Remark 4.1. Here we clarify some points regarding numerical accuracy of LearnFromUntrusted
and the other algorithms presented in this work. Formally, the pseudodistribution computed by
LearnFromUntrusted satisfies the constraints of Program 5 to precision 2−n in the sense that
for any sum-of-squares q and constraint polynomials f1, ..., fℓ ∈ 5 for which deg(q ·
∏
i∈[ℓ] fi) ≤ O(t),
we have that E˜
[
q ·∏i∈[ℓ] fi] ≥ −2−n ‖q‖2, where ‖q‖2 denotes the L2 norm of the vector of co-
efficients of q. On the other hand, in our analysis, we show that 5⊢O(t)3 and then argue using
the constraints of 3 instead. But because the coefficients in the SoS proof that 5⊢O(t)3 are poly-
nomially bounded, the pseudodistribution computed by LearnFromUntrusted also satisfies the
constraints of Program 3 to precision 2−Ω(n), which will be sufficient for the simple rounding we
analyze in Section 4.4.
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4.2 Deterministic Conditions
We will condition on the following deterministic conditions holding simultaneously:
(I) The “Satisfiability” condition of Lemma 4.1 holds.
(II) The mean of the uncorrupted points concentrates:∥∥∥∥∥∥ 1N
∑
i∈Sg
(Xi − pi)
∥∥∥∥∥∥
1
≤ O(δ + ǫ1−1/t
√
t/k)
(III) The empirical t-th moments concentrate:
{v2i = 1 ∀i ∈ [n]} ⊢t
1
N
∑
i∈[N ]
〈Yi − pi, v〉t − 1
N
∑
i∈[N ]
EYi∼Di〈Yi − pi, v〉t ≤ (8t/k)t/2
Lemma 4.2. Conditions (I), (II), (III) hold simultaneously with probability 1− 1/poly(n).
We first need the following elementary concentration inequalities.
Fact 7. If Y1, ..., YN are drawn from Mulk(p1), ...,Mulk(pN ) respectively, then
Pr
∥∥∥∥∥∥ 1N
∑
i∈[N ]
Yi − 1
N
∑
i∈[N ]
pi
∥∥∥∥∥∥
1
> ǫ
 ≤ n · e−2ǫ2N/n2
Proof. Note that for each i ∈ [N ], j ∈ [n], (Yi)j is distributed as Ber((pi)j). So by Hoeffding’s
inequality,
Pr
∣∣∣∣∣∣ 1N
∑
i∈[N ]
(Yi)j − 1
N
∑
i∈[N ]
(pi)j
∣∣∣∣∣∣ ≥ η
 ≤ e−2Nη2 .
The claim follows by taking η = ǫ/n and union bounding over j.
Fact 8. Let Y1, ..., YN be independent samples from D1, ...,DN . For every i ∈ [N ], define Zi =
Yi − pi. If N ≥ Ω(t · (k/8t)t · n2t log2(n)), then with probability 1 − 1/poly(n) the following holds:
for every multi-index θ ∈ [t]n for which ∑ θi = t we have that∣∣∣∣∣∣ 1N
∑
i∈[N ]
Zθi −
1
N
∑
i∈[N ]
EZ∼Di−pi [Z
θ]
∣∣∣∣∣∣ ≤ n−t · (8t/k)t/2.
Proof. Note that because Yi,pi ∈ [0, 1], the random variables Zθi only take values within [−1, 1].
By Hoeffding’s inequality,
Pr
∣∣∣∣∣∣ 1N
∑
i∈[N ]
Zθi −
1
N
∑
i∈[N ]
EZ∼Di−pi [Z
θ]
∣∣∣∣∣∣ ≥ η
 ≤ 2e−Nη2/2,
so the lemma follows by by taking η = n−t · (8t/k)t/2 and union-bounding over all nt choices of
θ.
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Proof of Lemma 4.2. (I) holds with probability at least 1− 1/poly(n) according to Lemma 4.1.
Because {Yi}i∈Sg are independent draws from {pi}i∈Sg , (II) holds with probability at least
1− 1/poly(n) provided N ≥ Ω((k/t)n2 log2 n · δ−2ǫ−2), according to Fact 7.
Finally, we verify (III) holds with high probability. For every i ∈ [N ] define Zi = Yi − pi. The
inequality we would like to exhibit an SoS proof for is equivalent to the inequality∣∣∣∣∣∣
∑
θ,θ′:|θ|=|θ′|=t/2
vθvθ′
 1
N
∑
i∈[N ]
Zθi Z
θ′
i −
1
N
∑
i∈[N ]
EZ∼Di−pi
[
ZθZθ
′
]∣∣∣∣∣∣ ≤ (8t/k)t/2, (14)
where vθ ,
∏
i∈θ vi. Note that
{v2i = 1 ∀i ∈ [n]} ⊢t −1 ≤ vθvθ′ ≤ 1,
If the outcome of Fact 8 holds for all nt monomials of the form θ ∪ θ′, then there is a degree-t
proof, using the axioms {v2i = 1 ∀i ∈ [n]} ⊢t, that (4.2) holds. We conclude that (III) holds with
probability 1− 1/poly(n).
By a union bound over all events upon which we conditioned, we conclude that (I), (II), (III)
are simultaneously satisfied with probability 1− 1/poly(n).
4.3 Identifiability
The key step is to give an SoS proof of identifiability. In other words, we must demonstrate in the
SoS proof system that the constraints of Program 3 imply that pˆ is sufficiently close to p. The
main claim in this section is the following.
Lemma 4.3. Suppose Conditions (I)-(III) hold. Then for any v ∈ {±1}n, we have that
3 ⊢O(t) 〈pˆ− p, v〉t ≤ O
(
δt + ǫt−1(t/k)t/2
)
.
First note that for any i ∈ [N ],∑
i∈[N ]
wi〈pˆ− p, v〉 =
∑
i∈[N ]
wi〈pˆ − p, v〉
=
∑
i∈[N ]
wi〈pˆ − pi, v〉 +
∑
i∈[N ]
wi〈pi − p, v〉
≤
∑
i∈[N ]
wi〈pˆ − pi, v〉 + 2Nδ, (15)
where the inequality follows from the assumption that dTV (p,pi) ≤ δ. We bound the former term
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in (4.3):∑
i∈[N ]
wi〈pˆ− pi, v〉 =
∑
i∈[N ]
wi〈Xi − pi, v〉
=
∑
i∈Sg
〈Xi − pi, v〉+
∑
i∈Sg
(wi − 1)〈Xi − pi, v〉 +
∑
i∈Sb
wi〈Xi − pi, v〉
=
∑
i∈Sg
〈Xi − pi, v〉+
∑
i∈Sg
(wi − 1)〈Xi − pi, v〉+∑
i∈Sb
wi〈Xi − pˆi, v〉+
∑
i∈Sb
wi〈pˆ− pi, v〉+
∑
i∈Sb
wi〈pˆi − pˆ, v〉,
≤
∑
i∈Sg
〈Xi − pi, v〉+
∑
i∈Sg
(wi − 1)〈Xi − pi, v〉+∑
i∈Sb
wi〈Xi − pˆi, v〉+
∑
i∈Sb
wi〈pˆ− pi, v〉+ 5Nǫδ (16)
where the inequality follows from Constraint 3 of 3. This rearranges to∑
i∈Sg
wi〈pˆ− pi, v〉 ≤ 5Nǫδ +
∑
i∈Sg
〈Xi − pi, v〉+
∑
i∈Sg
(wi − 1)〈Xi − pi, v〉 +
∑
i∈Sb
wi〈Xi − pˆi, v〉.
Taking the t-th power of both sides of (4.3) and invoking (4.3) and the inequality ⊢t (a + b + c +
d+ e)t ≤ exp(t)(at + bt + ct + dt + et), we conclude that
(17)
3 ⊢t
∑
i∈Sg
wi
t 〈pˆ− p, v〉t
≤ exp(t)
(N(2 + 5ǫ)δ)t +
∑
i∈Sg
〈Xi − pi, v〉
t
︸ ︷︷ ︸
Lemma 4.4
+
∑
i∈Sg
(wi − 1)〈Xi − pi, v〉
t
︸ ︷︷ ︸
Lemma 4.6
+
∑
i∈Sb
wi〈Xi − pˆi, v〉
t
︸ ︷︷ ︸
Lemma 4.7
 ,
which we bound using Lemmas 4.4, 4.6, and 4.7 below. Intuitively, the term for Lemma 4.4 corre-
sponds to sampling error from uncorrupted samples from D, the term for Lemma 4.6 corresponds to
the possible failure of the subset selected by wi to capture some small fraction of the uncorrupted
samples, and the term for Lemma 4.7 corresponds to the error contributed by the adversarially
chosen vectors.
Lemma 4.4. Suppose Conditions (I)-(III) hold. Then for any v ∈ {±1}n, we have that
3 ⊢O(t)
∑
i∈Sg
〈Xi − pi, v〉
t ≤ O(N)t · (δt + ǫt−1 · (t/k)t/2).
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Proof. By SoS Holder’s, we have that
3 ⊢O(t)
∑
i∈Sg
〈Xi − pi, v〉
t = 〈∑
i∈Sg
(Xi − pi), v
〉t
≤
∥∥∥∥∥∥
∑
i∈Sg
(Xi − pi)
∥∥∥∥∥∥
t
1
≤
(
N · O(δ + ǫ1−1/t ·
√
t/k)
)t
≤ O(N)t · (δt + ǫt−1 · (t/k)t/2)
as claimed, where the penultimate step follows by (II) and the last step follows by (scalar) Holder’s.
For Lemma 4.6, we will use the following helper lemma.
Lemma 4.5. Suppose Condition (III) holds. Then for any v ∈ {±1}n, we have that
3 ⊢O(t)
∑
i∈[N ]
〈Yi − pi, v〉t ≤ 2N(8t/k)t/2.
Proof. By Lemma 4.2 and Lemma 3.1, we have that∑
i∈[N ]
〈Yi − pi, v〉t ≤ N · (8t/k)t/2 +
∑
i∈[N ]
EY∼Di
[
(Yi − pi)⊗t/2
] [
(Yi − pi)⊗t/2
]⊤
≤ 2N(8t/k)t/2 .
Lemma 4.6. Suppose Conditions (I)-(III) hold. Then for any v ∈ {±1}n, we have that
3 ⊢O(t)
∑
i∈Sg
(wi − 1)〈Xi − pi, v〉
t ≤ 2ǫt−1 ·N t · (8t/k)t/2.
Proof. By SoS Holder’s, we have that
3 ⊢O(t)
∑
i∈Sg
(wi − 1)〈Xi − pi, v〉
t =
∑
i∈Sg
(1− wi)〈Xi − pi, v〉
t
≤
∑
i∈Sg
(1− wi)
t−1∑
i∈Sg
〈Xi − pi, v〉t

≤ (ǫN)t−1 ·
∑
i∈[N ]
〈Yi − pi, v〉t
≤ (ǫN)t−1 · 2N(8t/k)t/2
where the third step follows from the fact that ⊢2
∑
i∈Sg(1 − wi) ≤
∑
i∈[N ](1 − wi) = ǫN , and the
fourth step follows from Lemma 4.5.
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Lemma 4.7. Suppose Conditions (I)-(III) hold. Then for any v ∈ {±1}n, we have that
3 ⊢O(t)
∑
i∈Sb
wi〈Xi − pˆi, v〉
t ≤ 2ǫt−1N t(8t/k)t/2.
Proof. We have that
3 ⊢O(t)
∑
i∈Sb
wi〈Xi − pˆi, v〉
t =
∑
i∈Sb
w2i 〈Xi − pˆi, v〉
t (18)
≤
∑
i∈Sb
wi
t−1 ·
∑
i∈Sb
wi〈Xi − pˆi, v〉t
 (19)
≤
∑
i∈Sb
wi
t−1 ·
∑
i∈[N ]
wi〈Xi − pˆi, v〉t
 (20)
≤ |Sb|t−1·2(8t/k)t/2
∑
i∈[N ]
wi (21)
= 2(ǫN)t−1(8t/k)t/2 ·N
= 2ǫt−1N t(8t/k)t/2,
where (4.3) follows from the Booleanity constraints, (4.3) follows from SoS Holder’s, (4.3) follows
from even-ness of t, (4.3) follows from the definition of |Sb| and from the moment bound (5).
We can now finish the proof of Lemma 4.3.
Proof of Lemma 4.3. By (1) and Lemmas 4.4, 4.6, and 4.7, we have that
3 ⊢O(t)
∑
i∈Sg
wi
t 〈pˆ− p, v〉t ≤ O(N)t (δt + ǫt−1(t/k)t/2) .
Since 3 ⊢2
∑
i∈Sg wi ≥ (1− 2ǫ)N , we conclude that
3 ⊢O(t) 〈pˆ− p, v〉t ≤ O
(
δt + ǫt−1(t/k)t/2
)
as claimed.
4.4 Rounding
We are now ready to complete the proof of Theorem 4.1 by specifying how to round a pseudodis-
tribution satisfying 5.
Lemma 4.8. Let E˜ be a degree-O(t) pseudodistribution satisfying 5. Then E˜[pˆ] ∈ ∆n and dTV (E˜[pˆ],p) ≤
O(δ + ǫ1−1/t
√
t/k).
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Proof. The fact that E˜[pˆ] follows from the fact that E˜ satisfies Constraints 6 of 5. For the second
part of the lemma, note that by the dual characterization of L1 distance, it suffices to show that
for any v ∈ {±1}n,
〈E˜[pˆ]− p, v〉 ≤ O
(
δ + ǫ1−1/t
√
t/k
)
By Lemma 4.1, 5⊢O(t)3. Furthermore, by Lemma 4.3, for any v ∈ {±1}n,
E˜[〈pˆ− p, v〉t] ≤ O
(
δt + ǫt−1(t/k)t/2
)
,
so we get that
〈E˜[pˆ]− p, v〉t ≤ E˜ [〈pˆ− p, v〉t]
≤ O
(
δt + ǫt−1(t/k)t/2
)
,
where the first step is a consequence of Fact 5. Now by the fact that (a + b)1/t ≤ a1/t + b1/t for
positive scalars a, b,
We can now complete the proof of Theorem 4.1.
Proof of Theorem 4.1. The output of our algorithm will be Round[E˜] for E˜ satisfying Program 5
and therefore Program 3, so Round produces a hypothesis h for which dTV (h,p) ≤ O(δ + ǫ1−1/t ·√
t/k), as claimed.
5 Improved Sample Complexity Under Shape Constraints
In this section we prove the following, which says that the algorithmic framework of the preceding
sections can be leveraged to learn shape-constrained distributions from untrusted batches with
sample complexity sublinear in the domain size n.
Theorem 5.1. Let t ≥ 4 be any integer, and let η > 0. If p is (η, s)-piecewise degree-d, then
there is an algorithm that draws an ǫ-corrupted set of N δ-diverse batches of size k from p for
N = δ−2ǫ−2(sd log n)O(t) · kt/tt−1, runs in time δ−tǫ−t(sdn)O(t) · kt2/tt(t−1), and with probability
1− 1/poly(n) outputs a distribution pˆ for which dTV (p, pˆ) ≤ O(η + δ + ǫ1−1/t
√
t/k).
Importantly, by combining this result with known approximation theoretic results, we are able
to obtain sample complexities that are either independent of the domain size or depend at most
polylogarithmically on it, for a large class of natrual distributions, such as monotone distributions,
monotone hazard rate distributions, log-concave distributions, discrete Guassians, Poisson Binomial
distributions, and mixtures thereof, see e.g. [ADLS17] for more details. After giving the basic in-
gredients from VC complexity for how to learn shape-constrained distributions in sublinear sample
complexity in a classical sense, we describe and analyze the polynomial system Program 4, defer-
ring technical details for how to encode some of the constraints of this program to Section 6 and
Appendix A.
5.1 AK Norms and VC Complexity
Definition 5.1. [AK norms, see e.g. [DL01]] For positive integers K ≤ n, define AK to be the set
of all unions of at most K disjoint intervals over [n], where an interval is any subset of [n] of the
form {a, a+ 1, ..., b − 1, b}. The AK distance between two distributions p, q over [n] is
‖p− q‖AK = maxS∈AK |p(S)− q(S)|.
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Equivalently, say that v ∈ {±1}n has 2K sign changes if there are exactly 2K indices i ∈ [n − 1]
for which vi+1 6= vi. Then if Vn2K denotes the set of all such v, we have
‖p− q‖AK =
1
2
max
v∈Vn2K
〈p − q, v〉.
Note that
‖·‖A1 ≤ ‖·‖A2 ≤ · · · ≤ ‖·‖An/2 = ‖·‖TV .
Definition 5.2. We say that a distribution over [n] is (η, s)-piecewise degree-d if there is a partition
of [n] into t disjoint intervals {[ai, bi]}1≤i≤t, together with univariate degree-d polynomials r1, ..., rt
and a distribution q on [n], such that dTV (p, q) ≤ η and such that for all i ∈ [t], q(x) = ri(x) for
all x ∈ [n] in [ai, bi].
Lemma 5.1. Let K = s(d+ 1). If p is (η, s)-piecewise degree-d and ‖p− pˆ‖AK ≤ ζ, then there is
an algorithm which, given the vector pˆ, outputs a distribution p∗ for which dTV (p,p∗) ≤ 2ζ +4η in
time poly(s, d, 1/ǫ).
Proof. Let q be a (0, s)-piecewise degree-d distribution for which dTV (p, q) = η. By Theorem 5.2
below, one can produce an s-piecewise degree-d distribution p∗ minimizing ‖pˆ− p∗‖AK to within
additive error η in time poly(s, d, 1/η). We already know by triangle inequality that
‖vˆp− q‖AK ≤ ‖vˆp− p‖AK + ‖p− q‖AK ≤ ζ + η,
so by η-approximate minimality we know ‖pˆ− p∗‖AK ≤ ζ +2η. By another application of triangle
inequality, we conclude that ‖q − p∗‖AK ≤ 2ζ +3η. Because q and p∗ are both s-piecewise degree-
d, the vector q − p∗ has at most 2s(d + 1) sign changes. Indeed, the common refinement of the
intervals defining the two piecewise polynomials is at most 2s intervals, and the difference between
two degree-d polynomials over any of these intervals is degree-d (the additional +1 comes from the
endpoints of each of the intervals). So we get that dTV (pˆ − p∗ = ‖pˆ− p∗‖AK ≤ 2ζ + 3η, and one
final application of triangle inequality allows us to conclude that dTV (p− p∗) = 2ζ + 4η.
Theorem 5.2 ([ADLS17]). There is an algorithm which, given a vector p ∈ ∆n, computes an
s-piecewise degree-d hypothesis h which minimizes ‖h− p‖As(d+1) to within additive error γ in time
n · poly(d, 1/γ).
5.2 Another SoS Relaxation
Henceforth, let K = s ·(d+1) and let ℓ = 2s(d+1). To prove Theorem 5.1, by Lemma 5.1 it suffices
to learn p in A distance, that is, we wish to produce a hypothesis pˆ for which 12 maxv∈Vnℓ 〈p− pˆ, v〉
is small.
Program 4. P ′ The variables are {wi}i∈[N ], {pˆi}i∈[N ], and pˆ, and the constraints are
1. w2i = wi for all i ∈ [N ].
2.
∑
wi = (1− ǫ)N .
3. For every v ∈ {±1}n with at most ℓ sign changes and every i ∈ [N ], 〈pˆi − pˆ, v〉 ≤ 5δ.
4.
∑
i∈[N ]wiXi = pˆ
∑
i∈[N ]wi.
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5. For every v ∈ {±1}n with at most ℓ sign changes,∑
i∈[N ]
wi〈Xi − pˆi, v〉t ≤ (8t/k)t/2 ·
∑
i∈[N ]
wi.
6. pˆi ≥ 0 for all i ∈ [n] and
∑
i pˆi = 1.
Lemma 5.2. There is a system 6 of degree-O(t) polynomial equations and inequalities in the vari-
ables {wi}, {pˆi}, pˆ, and nO(t) other variables, whose coefficients depend on ǫ, t,X1, ...,Xn such
that
1. (Satisfiability) With probability at least 1 − 1/poly(n), 6 has a solution in which pˆ = p and
for each i ∈ [N ], pˆi = pi and wi is the indicator for whether Xi is an uncorrupted point.
2. (Encodes Moment Bounds) 6 ⊢O(t) 4.
3. (Solvability) If 6 is satisfied, then for every integer C > 0, there is an nO(Ct)-time algorithm
which outputs a degree-Ct pseudodistribution which satisfies 5 up to additive error 2−n.
Together with Lemma 5.1, this suggests the following algorithm for learning from untrusted
batches when p is (η, s)-piecewise degree-d: use semidefinite programming to efficiently obtain a
pseudodistribution over solutions to Program 5, round this pseudodistribution to an estimate for p
by computing the pseudoexpectation of the pˆ variable, and then refine this by computing the best
piecewise polynomial approximation to this estimate. The only difference between this algorithm
and LearnFromUntrusted is the the third step.
A formal specification of this algorithm, which we call PiecewiseLearn, is given in Algorithm 2
below.
Algorithm 2. PiecewiseLearn
Input: Corruption parameter ǫ, diversity parameter δ, support size n, batch size k,
samples {Xi}i∈[N], degree t, (η, s, d) for which p is (η, s)-piecewise degree-d
Output: Estimate p∗
1. Run SDP solver to find a pseudodistribution E˜ of degree O(t) satisfying the
constraints of Program 5.
2. Set p˜ , E˜[pˆ].
3. Let K = s(d + 1). Using the algorithm of [ADLS17], output the s-piecewise
degree-d distribution p∗ that minimizes ‖p˜− p∗‖AK (up to additive error η)
5.3 Deterministic Conditions and Identifiability
We will condition on the following deterministic conditions holding simultaneously:
(I) The “Satisfiability” condition of Lemma 5.2 holds.
(II) The mean of the uncorrupted points concentrates in Aℓ norm:∥∥∥∥∥∥ 1N
∑
i∈Sg
(Xi − pi)
∥∥∥∥∥∥
Aℓ
≤ O(ǫ1−1/t
√
t/k)
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(III) For every v ∈ {±1}n with at most ℓ sign changes,∣∣∣∣∣∣ 1N
∑
i∈[N ]
〈Yi − pi, v〉t − 1
N
∑
i∈[N ]
EYi∼Di〈Yi − pi, v〉t
∣∣∣∣∣∣ ≤ (8t/k)t/2
Lemma 5.3. Conditions (I), (II), (III) hold simultaneously with probability 1− 1/poly(n).
Proof. (I) holds with probability at least 1− 1/poly(n) according to Lemma 5.2.
For (II), we will apply Lemma 6.8 with N taken to be the collection of all v ∈ {±1}n with at
most ℓ sign changes. |N |= nO(ℓ), so provided |Sg|≥ Ω((k/t)ǫ−2 · ℓ log2 n), we get that (II) holds
with probability 1− 1/poly(n).
For (III), we will apply Lemma A.3 with N taken to be the collection of all v⊗t/2(v⊗t/2)⊤ for
which v ∈ {±1}n has at most ℓ sign
ges. |N |= nO(ℓ), so when N ≥ Ω((k/8t)t · ℓ log n), (III) holds with probability 1− 1/poly(n).
The SoS proof of identifiability given Program 4 is identical to the proof of identifiability given
Program 3 in Section 4.3, the only difference being that all intermediate steps in the proof are
quantified over v ∈ {±1}n with at most ℓ sign changes, rather than over all v ∈ {±1}n. This yields
the following:
Lemma 5.4. Suppose Conditions (I)-(III) hold. Then for any v ∈ {±1}n with at most ℓ sign
changes, we have that
4 ⊢O(t) 〈pˆ− p, v〉t ≤ O
(
δt + ǫt−1(t/k)t/2
)
.
5.4 Rounding
Once we have Lemma 5.4, the rounding step can be analyzed in essentially the same way as
Lemma 4.8. We include a proof for completeness.
Lemma 5.5. Let E˜ be a pseudoexpectation satisfying Program 6. Then E˜[pˆ] ∈ ∆n and
∥∥∥E˜[pˆ]− p∥∥∥
Aℓ
≤
O(δ + ǫ1−1/t ·√t/k).
Proof. E˜[pˆ] ∈ ∆n because E˜ satisfies Constraint 6 of 4. For the second part of the lemma, by
definition of Aℓ distance, it suffices to show that for any v ∈ {±1}n with at most ℓ sign changes,
〈E˜[pˆ]− p, v〉 ≤ O
(
δ + ǫ1−1/t
√
t/k
)
.
By Lemma 5.2, 6 ⊢O(t) 4. Furthermore, by Lemma 5.4, for any v ∈ {±1}n with at most ℓ sign
changes,
E˜[〈pˆ− p, v〉t] ≤ O
(
δt + ǫt−1(t/k)t/2
)
,
so we get that
〈E˜[pˆ]− p, v〉t ≤ E˜[〈pˆ− p, v〉t]
≤ O
(
δt + ǫt−1(t/k)t/2
)
,
where the first step is a consequence of Fact 5. Now by the fact that (a + b)1/t ≤ a1/t + b1/t for
positive scalars a, b, the lemma follows.
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We can now complete the proof of Theorem 5.1.
Proof of Theorem 5.1. The output of our algorithm will be Round[E˜] for E˜ satisfying Program 4.
Because E˜[pˆ] ∈ ∆n satisfies
∥∥∥E˜[pˆ]− p∥∥∥
Aℓ
≤ O(δ + ǫ1−1/t ·√t/k), we conclude that by Lemma 5.1,
the assumption that p is (η, s)-piecewise degree-d, and the fact that ℓ = 2s(d+1), Round produces
a hypothesis h for which dTV (h,p) ≤ O(η + δ + ǫ1−1/t ·
√
t/k), as claimed.
6 Encoding Moment Constraints
In this section we will prove Lemmas 4.1 and 5.2. The programs 5 and 6 referenced in those
Lemmas will involve systems of inequalities among matrix-valued polynomials. We begin by giving
an overview of how such inequalities fit into the SoS proof system.
6.1 Matrix SoS Proofs
Let x1, ..., xn be formal variables. In this subsection we show how the SoS proof system can reason
about constraints of the form M(x)  0, where M(x) is some symmetric matrix whose entries are
polynomials in x.
LetM1(x), ...,Mm(x) be symmetric matrix-valued polynomials of x of various sizes (1×1 matrix-
valued polynomials are simply scalar polynomials), and let q1(x), ..., qm(x) be scalar polynomials.
The expression
{M1  0, ...,Mm  0, q1(x) = 0, ..., qm(x) = 0} ⊢d p(x) ≥ 0
means that there exists a vector u, a matrix Q(x) whose entries are polynomials in the ideal
generated by q1, ..., qm, and vector-valued polynomials {rjS}j≤N,S⊆[m] (where S’s are multisets) for
which
p(x) = Q(x) + u⊤
 ∑
S⊆[m]
∑
j
(rjS(x))(r
j
S(x))
⊤
⊗ [⊗i∈SMi(x)]
u (22)
and Q(x) and the entries of each summand in (6.1) are all polynomials of degree at most d.
A pseudodistribution E˜ of degree 2d is said to satisfy {M1(x)  0, ...,Mm(x)  0} if for every
multiset S ⊆ [m] and polynomial p(x) for which the entries of p(x)2 · (⊗i∈SMi(x)) are degree at
most 2d, we have
E˜[p(x)2 · (⊗i∈SMi(x))]  0.
Such pseudodistributions can still be found efficiently via semidefinite programming.
Proofs of the following basic lemmas about matrix SoS can be found in [HL18].
Lemma 6.1 ([HL18], Lemma 7.1). If E˜ is a degree-2d pseudodistribution satisfying {M1  0, ...,Mm 
0} and furthermore
{M1  0, ...,Mm  0} ⊢2d M  0,
then E˜ also satisfies {M1  0, ...,Mm  0,M  0}.
Lemma 6.2 ([HL18], Lemma 7.2). If f(x) is a degree-d vector-valued polynomial of dimension s
and M(x) is an s× s symmetric matrix-valued polynomial of degree d′, then
{M  0} ⊢dd′ 〈f(x),M(x)f(x)〉 ≥ 0.
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6.2 Moment Constraints for Program 3
We first show how to encode Constraint 3 of Program 3, namely that for each i ∈ [N ]
{v2i = 1 ∀ 1 ≤ i ≤ n} ⊢2 〈pˆi − pˆ, v〉 ≤ 5δ. (23)
This would hold if there existed sum-of-squares polynomials qS(v, pˆi, pˆ) for which 5δ−〈pˆi− pˆ, v〉 =∑
S
∏
i∈S(1− v2i ) · qS(v, pˆi, pˆ) such that each summand on the right-hand side is of degree at most
2. So let QS be an n × n matrix of indeterminates, with entries indexed by i, j ∈ [n], which will
correspond to the matrix of coefficients of q(v, pˆi, pˆ) as a quadratic polynomial in v.
Next we show how to encode Constraint 5 of Program 3. For every S ⊂ [n] of size at most
O(t), let MS be an nt/2×nt/2 matrix of indeterminates, one for each pair of multi-indices γ, ρ over
[n] both of degree at most t/2. We would like to impose constraints on the entries MSγ,ρ so that
psd-ness of the matrices in {MS : S ⊆ [n]} encodes the fact that
{v2i = 1 ∀1 ≤ i ≤ n} ⊢O(t)
∑
i∈[N ]
wi〈Xi − pˆi, v〉t ≤ 2 · (8t/k)t/2
∑
i∈[N ]
wi (24)
Recall that the condition (6.2) means that there exist polynomials pS for which
2 · (8t/k)t/2
∑
i∈[N ]
wi −
∑
i∈[N ]
wi〈Xi − pˆi, v〉t =
∑
S:|S|≤O(t)
pS(v, {wi}, {pˆi}, pˆ) ·
∏
i∈S
(1− v2i ),
where each pS is a sum-of-squares polynomial such that pS(v, {wi}, {pˆi}, pˆ) ·
∏
i∈S(1− v2i ) is degree
O(t). MS will correspond to the matrix of coefficients of pS(v, {wi}, {pˆi}, pˆ) as a degree-t polynomial
in v. Specifically, we will consider the following program.
Program 5. Pˆ The variables are {wi}i∈[N ], pˆ, {pˆi}i∈[N ], {QSi,j}, and {MSγ,ρ} and the constraints
are
1. w2i = wi for all i ∈ [N ].
2.
∑
wi = (1− ǫ)N .
3. 5δ − 〈pˆi − pˆ, v〉 =
∑
S
∏
i∈S(1− v2i ) · 〈v,QSv〉
4.
∑
i∈[N ]wiXi = pˆ ·
∑
i∈[N ]wi
5.
2 · (8t/k)t/2 − 1
(1− ǫ)N
∑
i∈[N ]
wi〈Xi − pˆ, v〉t =
∑
S:|S|≤O(t)
∏
i∈S
(1− v2i ) · 〈v⊗t/2,MSv⊗t/2〉
6. QS  0 for all S ⊂ [n] for which |S|≤ 2
7. MS  0 for all S ⊂ [n] for which |S|≤ O(t).
8. pˆi ≥ 0 for all i ∈ [n] and
∑
i pˆi = 1.
Definition 6.1. Define the canonical assignment to the variables {wi}i∈[N ], pˆ, and {pˆi}i∈[N ] to be
as follows: for each i ∈ [N ], wi = 1[Xi is uncorrupted], pˆi = pi, and pˆ = 1(1−ǫ)N
∑
iwiXi.
27
Proof of Lemma 4.1. The fact that 5 ⊢O(t) 3 follows by Lemma 6.2, and solvability follows from
the fact that the problem of outputting a degree-O(t) pseudodistribution satisfying a system of
degree-O(t) polyomial constraints can be encoded as a semidefinite program of size nO(t).
It remains to show satisfiability of Program 5. Constraints 1, 2, and 4 are clearly satisfied by
the canonical assignment.
For Constraints 3 and 6, we want to show that for each i ∈ [N ], the SoS proof (6.2) exists as a
polynomial inequality only in the variable v, with {pˆi} and pˆ now fixed. Fix any i ∈ [N ] and for
convenience define αj = (pˆi − pˆ)j . From Fact 6, we get that
{v2i = 1 ∀ 1 ≤ i ≤ n} ⊢2 〈pˆi − pˆ, v〉 =
n∑
j=1
αjvj ≤
n∑
j=1
|αj|= ‖pˆi − pˆ‖1
.
By triangle inequality and the fact that dTV (pi,pj) ≤ 2δ for all j ∈ [N ],
‖pˆi − pˆ‖1 ≤
∥∥∥∥∥∥ 1(1− ǫ)N
∑
j∈Sg:j 6=i
(pi − pj)
∥∥∥∥∥∥
1
+
∥∥∥∥∥∥ 1(1− ǫ)N
∑
j∈Sg
(Xj − pj)
∥∥∥∥∥∥
1
≤ 4δ +
∥∥∥∥∥∥ 1(1− ǫ)N
∑
j∈Sg
(Xj − pj)
∥∥∥∥∥∥
1
By Fact 7 and the fact that {Xj}j∈Sg is a collection of independent draws from {Mulk(pj)}j∈Sg
respectively, we know that ∥∥∥∥∥∥ 1(1− ǫ)N
∑
j∈Sg
(Xj − pj)
∥∥∥∥∥∥
1
≤ δ
with probability at least 1− n · e−2δ2N/n2 , from which (6.2) follows.
Finally, for Constraints 5 and 7, suppose the following SoS proof exists:
{v2i = 1 ∀ 1 ≤ i ≤ n} ⊢O(t)
1
(1− ǫ)N
∑
i∈Sg
〈Xi − pˆi, v〉t ≤ 2 · (8t/k)t/2, (25)
where v is the only variable and {wi}, {pˆi}, and p have all been fixed. By definition, this means
that there exist sum-of-squares polynomials pS(v) for every S ⊂ [n] of size at most O(t) such that
pS(v) ·
∏
i∈S(1− v2i ) is degree O(t) and
2 · (8t/k)t/2 − 1
(1− ǫ)N
∑
i∈Sg
wi〈Xi − pˆi, v〉t =
∑
S:|S|≤O(t)
pS(v) ·
∏
i∈S
(1− v2i ).
By taking MS to be the matrix of coefficients for which 〈v⊗t/2,MSv⊗t/2〉 = pS(v) and noting that
MS  0 because pS is an SoS, we satisfy the remaining Constraints 5 and 7 of 5.
It remains to verify that the SoS proof (6.2) exists with high probability. Because pˆi = pi, it is
enough to show that the SoS proof
{v2i = 1 ∀1 ≤ i ≤ n} ⊢O(t)
1
(1− ǫ)N
∑
i∈Sg
〈Xi − pi, v〉t ≤ 2 · (8t/k)t/2,
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exists. It is enough to bound the quantity
b(v) ,
1
(1− ǫ)N
∑
i∈Sg
〈Xi − pi, v〉t − 1
(1− ǫ)N
∑
i∈Sg
EX∼Di〈X − pi, v〉t
by b(v) ≤ (8t/k)t/2. Together with Lemma 3.1, this will conclude the proof. But the desired bound
on b(v) follows by condition (III) in Lemma 4.2, with probability 1− 1/poly(n).
6.3 Moment Constraints for Program 4
The only changes in going from Program 3 to Program 4 are Constraints 3 and 5. In this section,
we explain how to succinctly quantify over all v ∈ {±1}n with at most ℓ sign changes. To describe
this encoding, we first recall some basic facts about the (discretized) Haar wavelet basis.
Haar Wavelets
Definition 6.2. Let m be a positive integer and let n = 2m. the Haar wavelet basis is an or-
thonormal basis over Rn consisting of the father wavelet ψ0father,0 = n
−1/2 · 1, the mother wavelet
ψ0mother,0 = n
−1/2 · (1, ..., 1,−1, ...,−1) (where (1, ..., 1,−1, ...,−1) contains n/2 1’s and n/2 -1’s),
and for every i, j for which 1 ≤ i < m and 0 ≤ j < 2i, the wavelet ψi,j whose 2m−i · j + 1, ..., 2m−i ·
j + 2m−i−1-th coordinates are 2−(m−i)/2 and whose 2m−i · j + (2m−i−1 + 1), ..., 2m−i · j + 2m−i-th
coordinates are −2−(m−i)/2, and whose remaining coordinates are 0.
Let Hm denote the n×n matrix whose rows consist of the vectors of the Haar wavelet basis for
R
n. When the context is clear, we will omit the subscript and refer to this matrix as H.
Example 6.1. The Haar wavelet basis for R8 consists of the vectors
ψ0father,0 = 2
−3/2(1, 1, 1, 1, 1, 1, 1, 1)
ψ0mother,0 = 2
−3/2(1, 1, 1, 1,−1,−1,−1,−1)
ψ1,0 = 2
−1(1, 1,−1,−1, 0, 0, 0, 0)
ψ1,1 = 2
−1(0, 0, 0, 0, 1, 1,−1,−1)
ψ2,0 = 2
−1/2(1,−1, 0, 0, 0, 0, 0, 0)
ψ2,1 = 2
−1/2(0, 0, 1,−1, 0, 0, 0, 0)
ψ2,2 = 2
−1/2(0, 0, 0, 0, 1,−1, 0, 0)
ψ2,3 = 2
−1/2(0, 0, 0, 0, 0, 0, 1,−1)
The key observation is that there is an orthonormal basis under which any v ∈ {±1}n with at
most ℓ sign changes has an (ℓ log n+ 1)-sparse representation.
Define T , {0father, 0mother, 1, ...,m − 1}. By abuse of notation, we will sometimes identify the
indices 0father and 0mother with their numerical value of 0.
Lemma 6.3. Let v ∈ {±1}n have at most ℓ sign changes. Then
∑
i∈T
2i−1∑
j=0
2−(m−i)/2|〈ψi,j , v〉|≤ ℓ log n+ 1. (26)
.
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Proof. We first show that Hv has at most ℓ log n + 1 nonzero entries. For any ψi,j with nonzero
entries at indices [a, b] ⊂ [n] and such that i 6= 0father, if v has no sign change in the interval [a, b],
then 〈ψi,j , v〉 = 0. For every index ν ∈ [n] at which v has a sign change, there are at most m = log n
choices of i, j for which ψi,j has a nonzero entry at index ν, from which the claim follows by a union
bound over all ℓ choices of ν, together with the fact that 〈ψ0father,0, v〉 may be nonzero.
Now for each (i, j) for which 〈ψi,j, v〉 6= 0, note that
2−(m−i)/2 · |〈ψi,j , v〉|≤ 2−(m−i)/2 ·
(
2−(m−i)/2 · 2m−i
)
= 1,
from which (6.3) follows.
For notational simplicity in the arguments below, for ν ∈ [n], if the ν-th element of the Haar
wavelet basis for Rn is some ψi,j, then let µ
(ν) denote the weight 2−(m−i)/2. Also, for any i ∈ T , let
Ti ⊂ [n] denote the set of all indices ν for which the ν-th Haar wavelet is of the form ψi,j for some
j.
The Matrix SoS Encoding By Lemma 6.3, instead of quantifying over all v ∈ {±1}n with at
most ℓ sign changes in Constraints 3 and 5 of 4, we can quantify over all v ∈ Rn with Frobenius
norm at most n and for which (6.3) is satisfied. Specifically, we can ask for an SoS proof of
〈pˆi − pˆ, v〉 ≤ 5δ (27)
using Axioms 1.
Axioms 1 (Axioms for Constraint 3). Let W1, ...,Wn be auxiliary scalar variables.
1. v2i = 1 for all i ∈ [n]
2. −Wi ≤ (Hv)i ≤Wi for all i ∈ [n]
3.
∑
i µ
(i) ·Wi ≤ ℓ log n+ 1,
Likewise, we can ask for an SoS proof of
1
(1− ǫ)N
∑
i∈[N ]
wi〈Xi − pˆi, v〉t ≤ 2 · (8t/k)t/2, (28)
using Axioms 2.
Axioms 2 (Axioms for Constraint 5). Let {Uα}, where α ranges over all monomials in the indices
[n] of degree t/2.
1. v2i = 1 for all i ∈ [n]
2. −Uα ≤ (H⊗t/2v⊗t/2)α ≤ Uα for all monomials α of degree t/2
3.
∑
α µ
(α)Uα ≤ (ℓ log n+ 1)t/2,
where µ(α) ,
∏
i∈α µ
(i).
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As in the proof of Lemma 4.1, the values of {pˆi} and {wi} will be given by the canonical assign-
ment, so the only variables in the SoS proofs of (6.3) and (6.3) will be v1, ..., vn and, respectively,
{Wi}i∈[n] and {Uα}|α|≤t/2.
By definition, the existence of a degree-d SoS proof for (6.3) using Axioms 1 is equivalent to
the existence of polynomials fK1,K2J (v,W , {pˆi}, pˆ) and gK1,K2J (v,W , {pˆi}, pˆ) for J,K1,K2 ⊂ [n] for
which
5δ − 〈pˆi − pˆ, v〉 = ∑
J,K1,K2
fK1,K2J h
K1,K2
J +
ℓ log n+ 1− ∑
i∈[n]
µ(i)Wi
 ∑
J,K1,K2
gK1,K2J · hK1,K2J ,
where
hK1,K2J ,
∏
i∈J
(1− v2i ) ·
∏
k1∈K1
(Wk1 − (Hv)k1) ·
∏
k2∈K2
(Wk2 + (Hv)k2),
and where each fK1,K2J and g
T1,T2
J is a sum-of-squares polynomial such that f
K1,K2
J · hK1,K2J and
(Wj − (Hv)j) · gK1,K2J · hK1,K2J is degree d. We will take this degree to be d = O(1).
Completely analogously, the existence of a degree-d SoS proof for (6.3) using Axioms 2 is equiv-
alent to the existence of polynomials pT1,T2S (v,U , {wi}, {pˆi}, pˆ) and qT1,T2S (v, U, {wi}, {pˆi}, pˆ) for
S ⊂ [n], T1, T2 ⊆ {α : |α|≤ t/2} for which
2 · (8t/k)t/2
∑
i∈[N ]
wi −
∑
i∈[N ]
wi〈Xi − pˆi, v〉t =
∑
S,T1,T2
pT1,T2S r
T1,T2
S +
(
(ℓ log n+ 1)t/2 −
∑
α
µ(α) ·Uα
) ∑
S,T1,T2
·qT1,T2S · rT1,T2S
where
rT1,T2S ,
∏
i∈S
(
1− v2i
) · ∏
α∈T1
(
Uα − (H⊗t/2v⊗t/2)α
)
·
∏
β∈T2
(
Uβ + (H
⊗t/2v⊗t/2)β
)
and where each pT1,T2S and q
T1,T2
S is a sum-of-squares polynomial such that p
T1,T2
S · rT1,T2S and(
Uα − (H⊗t/2v⊗t/2)α
) · qT1,T2S · rT1,T2S is degree d. We will take this degree to be d = O(t).
Let FK1,K2J and G
K1,K2
J respectively denote the matrices of coefficients of f
K1,K2
J and g
K1,K2
J as
degree-O(1) polynomials solely in the variables {vi} and {Wi}, with entries denoted by (FK1,K2J )γ,ρ
and (GK1,K2J )γ,ρ. Likewise, let P
T1,T2
S and Q
T1,T2
S respectively denote the matrices of coefficients
of pT1,T2S and q
T1,T2
S as degree-O(t) polynomials solely in the variables {vi} and {Uα}, with entries
denoted by (P T1,T2S )γ,ρ and (Q
T1,T2
S )γ,ρ.
Remark 6.1. As we will demonstrate in the course of our analysis, we only need consider K1,K2
of size at most 1, and T1, T2 of size at most 2, so the total number of constraints in the overall
program will only be singly-exponential in t.
We will consider the following program.
Program 6. Pˆ ′ The variables are {wi}i∈[N ], pˆ, {pˆi}i∈[N ], {Qij}, {(P T1,T2S )γ,ρ}, {(QT1,T2S )γ,ρ}, and
the constraints are
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1. w2i = wi for all i ∈ [N ]
2. (1− ǫ)N ≤∑wi ≤ (1− ǫ)N
3.
5δ − 〈pˆi − pˆ, v〉 =
∑
J,K1,K2
hK1,K2J · 〈(v,W )⊗t/2, F J1,J2K (v,W )⊗t/2〉
+
(
ℓ log n+ 1−
∑
i
µ(i)Wi
) ∑
J,K1,K2
hK1,K2J · 〈(v,W )⊗t/2, GJ1,J2K (v,W )⊗t/2〉
4.
∑
i∈[N ]wiXi = pˆ ·
∑
i∈[N ]wi
5.
2 · (8t/k)t/2
∑
i∈[N ]
wi −
∑
i∈[N ]
wi〈Xi − pˆi, v〉t =
∑
S,T1,T2
rT1,T2S · 〈(v,U)⊗t/2 , P T1,T2S (v,U)⊗t/2〉
+
(
(ℓ log n+ 1)t/2 −
∑
α
µ(α) ·Uα
) ∑
S,T1,T2
rT1,T2S · 〈(v,U)⊗t/2, QT1,T2S (v,U)⊗t/2〉
6. F T1,T2S , G
T1,T2
S  0 for all T1, T2, S ⊂ [n] for which |T1|, |T2|, |S|≤ O(t)..
7. P T1,T2S , Q
T1,T2
S  0 for all T1, T2, S ⊂ [n] for which |T1|, |T2|, |S|≤ O(t).
8. pˆi ≥ 0 for all i ∈ [n] and
∑
i pˆi = 1.
Proof of Lemma 5.2. As before, solvability follows from the fact that the problem of outputting
a degree-O(t) pseudodistribution satisfying a system of degree-O(t) polynomial constraints can be
encoded a a semidefinite program of size nO(t).
The fact that 6 ⊢O(t) 4 follows by definition and by Lemma 6.3.
Finally, we verify that under the canonical assignment, with high probability over X1, ...,XN
there exists a satisfying assignment to the remaining variables of 6. As in the proof of Lemma 4.1,
the canonical assignment clearly satisfies Constraints 1, 2, and 4.
We prove that Constraints 3 and 6 are satisfiable with high probability in Lemma 6.5, and we
prove that Constraints 5 and 7 are satisfiable with high probability in Lemma 6.9.
The following fact will be useful in the proofs of Lemma 6.5 and 6.9.
Lemma 6.4 (“Shelling trick”). If v ∈ Rm satisfies ‖v‖2 ≤ C and ‖v‖1 = C ·
√
k, then there exist
k-sparse vectors v1, ..., vm/k with disjoint supports for which v =
∑m/k
i=1 vi and
∑m/k
i=1 ‖vi‖2 ≤ 2C.
Proof. We may assume without loss of generality that C = 1. Let B1 ⊂ [m] be the indices of the k
largest entries of v, B2 be those of the next k largest, and so on, so we may write [m] as the disjoint
union B1 ∪ · · · ∪ Bm/k. For i ∈ [m/k], define vi ∈ Rm to be the restriction of v to the coordinates
indexed by Bi. For any i, note that for any j ∈ Bi, |vj |≤ 1k ‖vj−1‖1, so
‖vi‖22 =
∑
j∈Bi
v2j ≤ k ·
1
k2
· ‖vi−1‖21 =
1
k
‖vi−1‖21 .
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So ‖vi‖2 ≤ ‖vi−1‖1 /
√
k and thus
m/k∑
i=1
‖vi‖2 ≤ ‖v1‖2 +
1√
k
‖v‖1 ≤ 2
as desired.
Lemma 6.5. Under the canonical assignment, with high probability there is some choice of {(F J1,J2K )γ,ρ}
and {(GJ1,J2K )γ,ρ} for which Constraints 3 and 6 are satisfied.
Proof. We first write
〈pˆi − pˆ, v〉 = 1
m
∑
j 6=i
〈pi − pj, v〉+ 1
m
∑
j∈Sg
〈Xj − pj, v〉.
Note that by Fact 6,
{v2i = 1 ∀ 1 ≤ i ≤ n} ⊢2 〈pi − pj, v〉 ≤ ‖pi − pj‖1 ≤ ‖pi − p‖1 + ‖pj − p‖1 ≤ 4δ.
It remains to show that with high probability, there is a degree-O(t) proof that Axioms 1 imply
1
m
∑
j∈Sg〈Xj − pj , v〉 ≤ δ.
Equivalently, we must show that for any degree-t pseudodistribution E˜ over the variables v and
U which satisfies Axioms 1, we have that
1
m
∑
j∈Sg
〈Xj − pj, E˜[v]〉 ≤ δ. (29)
The set of vectors E˜[v] arising from pseudodistributions E˜ satisfying Axioms 1 is some convex set
J ⊂ Rn.
Lemma 6.6. Let J be the convex set of all vectors of the form E˜[v] for some degree-t pseudodis-
tribution E˜ over the variables v,W satisfying Axioms 1.
Additionally, let J1,J2 ⊂ Rn consist of all vectors u for which
∑
i µ
(i)|ui|≤ ℓ log n + 1 and for
which ‖u‖2 ≤
√
n respectively. Then
J ⊂ H−1(J1 ∩ J2)
Proof. Take any u ∈ J . We first show that u ∈ H−1 · J1. By linearity of E˜, we may write u as
u = H−1 · E˜[Hv].
For any i ∈ [n], the second of Axioms 1 immediately implies that
−Wi ≤ E˜ [(Hv)i] ≤Wi.
We emphasize that this is the only place where we use the second of Axioms 1, and only in a linear
fashion, hence Remark 6.1.
So
∑
i µ
(i)|(Hu)i|≤ E˜[
∑
i µ
(i)Wi] ≤ ℓ log n+ 1, where the last inequality follows by the third of
Axioms 1.
Finally, to show that u ∈ H−1 · J2, note first that by orthonormality of H, it is enough to show
that u ∈ J2. But this follows immediately from the fact that E˜ satisfies the first of Axioms 1, which
by (3.3) implies that −1 ≤ E˜[vi] ≤ 1 for all i ∈ [n], from which we conclude that ‖u‖22 = n and thus
u ∈ J2.
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Lemma 6.7. For every η ≤ (ℓ log n + 1)−1, there exists a set N ⊂ Pn−1(R) of size O(n3/2/η)s
such that for every u ∈ H−1(J1 ∩ J2), there exists some u˜ =
∑
ν αν · u∗ν for u∗ν ∈ N such that 1)
‖u− u˜‖2 ≤ η, 2)
∑
ν αν ≤ 1, and 3) ‖u∗ν‖∞ ≤ 2(ℓ log n+ 1) for all ν.
Proof. Let s = ℓ log n+1, and let m = log n. Let N ′ be an η
(m+1)
√
n
-net in L2 norm for all s
2-sparse
vectors in Sn−1. Because Ss
2−1 has an η
(m+1)
√
n
-net in L2 norm of size (3(m+1)
√
n/η)s
2
, by a union
bound we have that |N ′|≤ (ns2) · (3(m+ 1)√n/η)s2 = O(n3/2 log n/η)s2 .
Take any u ∈ H−1(J1 ∩ J2) and consider w , Hu ∈ J1 ∩ J2. We may write w as
∑
i∈T w[i],
where
w[i] =
∑
ν∈Ti
wν · eν
for eν the ν-th standard basis vector in R
n.
As the nonzero entries of w[i] are just a subset of those of w, we clearly have ‖w[i]‖2 ≤
√
n for
all i ∈ T . Moreover, because w ∈ J1, we have that∑
i
2−(m−i)/2|w[i]|≤ s, (30)
so in particular
‖w[i]‖1 ≤ 2(m−i)/2 · s = 2−i/2 · s
√
n.
We can thus apply Lemma 6.4 to conclude that for each i ∈ [m], w[i] = ∑j wi,j for some vectors
{wi,j}j of sparsity at most ⌈2−i · s2⌉ ≤ s2 and for which∑
j
∥∥wi,j∥∥
2
≤ √n.
For each wi,j, there is some (w′)i,j ∈ N ′ such that if we define w˜i,j , ∥∥wi,j∥∥
2
· (w′)i,j, then we have∥∥wi,j − w˜i,j∥∥
2
≤ η
(m+ 1)
√
n
· ∥∥wi,j∥∥
2
. (31)
Defining w˜[i] ,
∑
j w˜
i,j, we get that
‖w[i]− w˜[i]‖2 ≤
η
(m+ 1)
√
n
∑
j
∥∥wi,j∥∥
2
≤ η
m+ 1
.
So if we define w˜ ,
∑
i∈T w˜[i] =
∑
i∈T
∑
j w˜
i,j , we have that ‖w − w˜‖2 ≤ η.
Now let N , P (H−1N ′). As u = H−1w and H−1 is an isometry, if we define u˜i,j , H−1w˜i,j
and u˜ ,
∑
i∈T
∑
j u˜
i,j , then we likewise get that ‖u− u˜‖2 ≤ η, and clearly u˜i,j ∈ N , concluding
the proof of part 1) of the lemma.
For each u˜i,j, define
ui,j∗ , u˜
i,j/αi,j for αi,j , s
−1 · 2−(m−i)/2 ∥∥wi,j∥∥∞ (32)
so that
u˜ =
∑
i,j
αi,ju
i,j
∗ .
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Note that ∑
i,j
αi,j ≤ 1
s
∑
i
2−(m−i)/2
∑
j
∥∥wi,j∥∥∞
≤ 1
s
∑
i
2−(m−i)/2 ‖w[i]‖1
≤ 1
s
· s = 1,
where the second inequality follows by the fact that for fixed i, the supports of the vectors wi,j are
disjoint for different j so that
∑
j
∥∥wi,j∥∥∞ ≤ ‖w[i]‖1, and the third inequality follows from (6.3).
This concludes the proof of part 2) of the lemma.
Finally, we need to bound
∥∥∥ui,j∗ ∥∥∥∞. Note first that for any vector z supported only on indices
ν ∈ Ti, ∥∥H−1z∥∥∞ ≤ 2−(m−i)/2 · ‖z‖∞ (33)
because the Haar wavelets {ψi,j}j have disjoint supports and L∞ norm 2−(m−i)/2. It follows that∥∥u˜i,j∥∥∞ ≤ ∥∥H−1wi,j∥∥∞ + ∥∥H−1(wi,j − w˜i,j)∥∥∞
≤ 2−(m−i)/2 · ∥∥wi,j∥∥∞ + 2−(m−i)/2 ∥∥wi,j − w˜i,j∥∥∞
≤ 2−(m−i)/2 · ∥∥wi,j∥∥∞ + 2−(m−i)/2 ∥∥wi,j − w˜i,j∥∥2
≤ 2−(m−i)/2 · ∥∥wi,j∥∥∞ + 2−(m−i)/2 · η(m+ 1)√n ∥∥wi,j∥∥2
≤ 2−(m−i)/2 · ∥∥wi,j∥∥∞ + 2−(m−i)/2 · η(m+ 1)√n ∥∥wi,j∥∥∞ · s
= 2−(m−i)/2 · ∥∥wi,j∥∥∞(1 + η · s(m+ 1)√n
)
≤ 2 · 2−(m−i)/2 · ∥∥wi,j∥∥∞ ,
where the first inequality is triangle inequality, the second inequality follows by (6.3), the third
inequality follows from monotonicity of Lp norms, the fourth inequality follows from (6.3), the fifth
inequality follows from the fact that wi,j is s2-sparse, and the final inequality follows from the
hypothesis that η ≤ 1/s. Recalling (6.3), we conclude that
∥∥∥ui,j∗ ∥∥∥∞ ≤ 2s as claimed.
Next we show that we can control 1m
∑
j∈Sg〈Xj − pj, u〉 for all directions u in the net N .
Lemma 6.8. Let ξ > 0 and let N ∈ Pn−1(R) be any collection of M directions. Then
Pr
 1
m
∑
j∈Sg
〈Xj − pj, u〉 > ξ · ‖u‖∞ ∀u ∈ N
 < 2M · e−2mξ2 ,
where the probability is over the samples Xj for j ∈ Sg.
Proof. Without loss of generality, assume that ‖u‖∞ = 1. For any j ∈ Sg, note that ‖Xj − pj‖1 ≤ 2,
so 〈Xj − pj, u〉 is a [−2, 2]-valued random variable, call it Aj . By Hoeffding’s inequality,
Pr
∣∣∣∣∣∣ 1m
∑
j∈Sg
Aj − 1
m
∑
j∈Sg
E[Aj]
∣∣∣∣∣∣ ≥ ξ
 ≤ 2e−2mξ2 ,
so we are done by a union bound over the M directions in N .
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We may now proceed with the proof of (6.3). For u ∈ J , by Lemmas 6.6 and 6.7, there is some
u˜ =
∑
ν ανu
∗
ν such that u
∗
ν ∈ N and ‖u− u˜‖2 ≤ η. We may write
1
m
∑
j∈Sg
〈Xj − pj, u〉 ≤ 1
m
∑
j∈Sg
〈Xj − pj, u˜〉+
∥∥∥∥∥∥ 1m
∑
j∈Sg
Xj
∥∥∥∥∥∥
2
· ‖u− u˜‖2
≤ 1
m
∑
j∈Sg
〈Xj − pj, u˜〉+ η
=
∑
ν
αν
 1
m
∑
j∈Sg
〈Xj − pj, u∗ν〉
+ η
≤
∑
ν
αν · ξ · ‖u∗ν‖∞ + η
≤ 2ξ(ℓ log n+ 1)(log n+ 1) + η,
where the second inequality follows from the fact that 1m
∑
j∈Sg Xj is a vector in ∆
n and thus has
L2 norm at most 1, and the penultimate step holds with probability 2|N |e−8mξ2 .
So if η = δ/2 and ξ = δ4(ℓ logn+1)(logn+1) , then as long as
m = Ω(ξ−2 log|N |) = Ω
(
log(1/δ)
δ
· ℓ4 log7 n
)
,
then with probability at least 1− poly(n), there exists an SoS proof of (6.3) using Axioms 1.
Lemma 6.9. Under the canonical assignment, with high probability there is some choice of {(P T1,T2S )γ,ρ}
and {(QT1,T2S )γ,ρ} for which Constraints 5 and 7 are satisfied.
The proof of Lemma 6.9 is conceptually very similar to that of Lemma 6.5, so we defer it to
Appendix A.
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A Proof of Lemma 6.9
In the arguments that follow, it will be useful to define the notion of projectivization. Given a set
S ⊂ Rm, let PS denote its projectivization, namely the quotient of S by the equivalence relation
u ∼ v if u = λv for some λ ∈ R. We will denote the projectivization of Rm by Pn−1(R). Occasionally
we will abuse notation and implicitly associate S ⊂ Pn−1(R) with its fiber under the quotient map
R
n → Pn−1(R).
Proof of Lemma 6.9. As in the proof of Lemma 4.1, because of Lemma 3.1 it is enough to show an
SoS proof using Axioms 2 that
1
m
∑
i∈Sg
〈Xi − pi, v〉t − 1
m
∑
i∈Sg
EX∼Di〈X − pi, v〉t ≤ (8t/k)t/2.
Equivalently, we must show that for any degree-t pseudodistribution E˜ over the variables v and U
which satisfies Axioms 2, we have that〈
Z, E˜
[
v⊗t/2(v⊗t/2)⊤
]〉
≤ (8t/k)t/2, (34)
whereZ , Z[Sg]. The set of matrices E˜[v⊗t/2(v⊗t/2)⊤] arising from pseudodistributions E˜ satisfying
Axioms 2 is some convex set K in Rnt/2×nt/2 .
Lemma A.1. Let K ⊂ Rnt/2×nt/2 be the convex set of all matrices of the form E˜[v⊗t/2(v⊗t/2)⊤] for
some degree-t pseudodistribution E˜ over the variables v,U satisfying Axioms 2.
Additionally, let K1,K2 ⊂ Rnt/2×nt/2 consist of all matrices M for which
∑
α,β µ
(α)µ(β)|Mα,β|≤
(ℓ log n+ 1)t and for which ‖M‖F ≤ nt/2 respectively. Then
K ⊂
[
(H−1)⊗t/2
]
(K1 ∩ K2)
[
(H−1)⊗t/2
]⊤
,
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Proof. Take any M ∈ K. We first show that M ∈ [(H−1)⊗t/2]K1 [(H−1)⊗t/2]⊤. By linearity of
E˜, we may write M as
M = (H−1)⊗t/2 · E˜
[[
H⊗t/2v⊗t/2
]
·
[
H⊗t/2v⊗t/2
]⊤] · ((H−1)⊗t/2)⊤.
For any monomials α, β each of degree t/2, the second of Axioms 2 immediately implies that
−UαUβ ≤ E˜
[[
H⊗t/2v⊗t/2
]
α
·
[
H⊗t/2v⊗t/2
]
β
]
≤ UαUβ.
We emphasize that this is the only place where we use the second of Axioms 2, and only in a degree-2
fashion, hence Remark 6.1. So
∑
α,β µ
(α)µ(β)|Mα,β |≤ E˜
[∑
α,β µ
(α)µ(β)UαUβ
]
≤ (ℓlogn+1)t, where
the last inequality follows by axiom 3.
Finally, to show that M ∈ [(H−1)⊗t/2]K2 [(H−1)⊗t/2]⊤, note first that by orthonormality
of H, it is enough to show that M ⊂ K2. But this follows immediately from the fact that E˜
satisfies the first of Axioms 2. Indeed, from Fact 6 and the fact that E˜ is degree-O(t) we get that
−1 ≤ E˜[vαvβ] ≤ 1, so ∑
|α|,|β|=t/2
M2α,β =
∑
α,β
E˜[vαvβ]
2 ≤ nt
as claimed.
Lemma A.2. For every η ≤ (ℓ log n + 1)−1, there exists a set N ⊂ P(Rnt/2×nt/2) such that for
every M ∈ [(H−1)⊗t/2] (K1 ∩ K2) [(H−1)⊗t/2]⊤, there exists some M˜ =∑ν αν ·M∗ν for M∗ν ∈ N
such that 1)
∥∥∥M − M˜∥∥∥
F
≤ η, 2) ∑ν αν ≤ 1, and 3) ‖M∗ν ‖max ≤ 2(ℓ log n+ 1)t.
Proof. Let s = ℓ log n+1, and let m = log n. Let N ′ be an η
(m+1)tnt/2
-net in Frobenius norm for all
s2t-sparse nt/2 × nt/2 matrices of unit Frobenius norm. Because Ss2t−1 has an η
m
√
n
-net in L2 norm
of size (3(m+ 1)tnt/2/η)s
2t
, by a union bound we have that
|N ′|≤
(
nt
s2t
)
· (3(m+ 1)tnt/2/η)s2t = O(n3t/2 logt n/η)s2t
Take anyM ∈ [(H−1)⊗t/2] (K1∩K2) [(H−1)⊗t/2]⊤ and considerL , H⊗t/2M [H⊗t/2]⊤. Define
T , {0father, 0mother, 1, ...,m − 1}. We may write L as
∑
σ,τ L[σ, τ ], where σ, τ are monomials of
degree t/2 in the indices T , and where L[σ, τ ] the submatrix of L consisting of all entries from the
rows α (resp. columns β) for which αi ∈ Tσi (resp. βi ∈ Tτi) for all 1 ≤ i ≤ t/2.
As the nonzero entries of L[σ, τ ] are just a subset of those of L, we clearly have ‖L[σ, τ ]‖F ≤ nt/2
for all σ, τ . Moreover, because L ∈ K1, we have that
∑
σ,τ
t/2∏
i=1
2−(m−σi)/2 ·
t/2∏
j=1
2−(m−τj )/2 · ‖L[σ, τ ]‖1,1 ≤ st
so in particular
‖L[σ, τ ]‖1,1 ≤
t/2∏
i=1
2(m−σi)/2 ·
t/2∏
j=1
2(m−τj )/2 · st = 2−(
∑
i σi+
∑
j τj)/2 · st · nt/2. (35)
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We can thus apply Lemma 6.4 to conclude that for each σ, τ , L[σ, τ ] =
∑
j L
σ,τ ;j for some matrices
{Lσ,τ ;j}j of sparsity at most ⌈2⌉−
∑
i σi−
∑
j τj · s2t ≤ s2t and for which∑
j
∥∥Lσ,τ ;j∥∥
F
≤ nt/2.
For each Lσ,τ ;j, there is some (L′)σ,τ ;j ∈ N ′ such that if we define L˜σ,τ ;j , ∥∥Lσ,τ ;j∥∥
F
· (L′)σ,τ ;j ,
then we have ∥∥∥Lσ,τ ;j − L˜σ,τ ;j∥∥∥
F
≤ η
(m+ 1)tnt/2
· ∥∥Lσ,τ ;j∥∥
F
. (36)
Defining L˜[σ, τ ] ,
∑
j L˜
σ,τ ;j, we get that∥∥∥L[σ, τ ]− L˜[σ, τ ]∥∥∥
F
≤ η
(m+ 1)tnt/2
∑
j
∥∥Lσ,τ ;j∥∥
F
≤ η
(m+ 1)t
.
So if we define L˜ =
∑
σ,τ L˜[σ, τ ] =
∑
σ,τ
∑
j L˜
σ,τ ;j, we have that
∥∥∥L− L˜∥∥∥
F
≤ η.
Now let N , ((H−1)⊗t/2N ′ [(H−1)⊗t/2]). As M = (H−1)⊗t/2L [(H−1)⊗t/2] and (H−1)⊗t/2 is
an isometry, if we define M˜σ,τ ;j , (H−1)⊗t/2L˜σ,τ ;j
[
(H−1)⊗t/2
]
and M˜ ,
∑
σ,τ
∑
j M˜
σ,τ ;j , then we
likewise get that
∥∥∥M − M˜∥∥∥
F
≤ η, and clearly M˜σ,τ ;j ∈ N , concluding the proof of part 1) of the
lemma.
For each M˜σ,τ ;j , define
Mσ,τ ;j∗ , M˜
σ,τ ;j/ασ,τ ;j for ασ,τ ;j , s
−t ·
t/2∏
i=1
2−(m−σi)/2 ·
t/2∏
j=1
2−(m−σj)/2
∥∥Lσ,τ ;j∥∥
max
(37)
so that
M =
∑
σ,τ,j
ασ,τ ;jM
σ,τ ;j
∗ .
Note that
∑
σ,τ,j
ασ,τ ;j ≤ 1
st
∑
σ,τ
t/2∏
i=1
2−(m−σi)/2 ·
t/2∏
j=1
2−(m−σj )/2
∑
j
∥∥Lσ,τ ;j∥∥
max
≤ 1
st
∑
σ,τ
t/2∏
i=1
2−(m−σi)/2 ·
t/2∏
j=1
2−(m−σj )/2 ‖L[σ, τ ]‖1,1
≤ 1
st
· st = 1,
where the second inequality follows by the fact that for fixed σ, τ , the supports of the matrices
Lσ,τ ;j are disjoint for different j so that
∑
j
∥∥Lσ,τ ;j∥∥
max
≤ ‖L[σ, τ ]‖1,1, and the third inequality
follows from (A). This concludes the proof of part 2) of the lemma.
Finally, we need to bound
∥∥∥Mσ,τ ;j∗ ∥∥∥
max
. Note first that for any matrix J supported only on the
support of some L[σ, τ ],
∥∥∥(H−1)⊗t/2J [(H−1)⊗t/2]∥∥∥
max
≤
t/2∏
i=1
2−(m−σi)/2 ·
t/2∏
j=1
2−(m−τj )/2 · ‖J‖max (38)
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because the tensored Haar wavelets {ψσ1,j1⊗·⊗ψσt/2,jt/2}j1,...,jt/2 (resp. {ψτ1,j1⊗·⊗ψτt/2,jt/2}j1,...,jt/2)
have disjoint supports and max-norm
∏t/2
i=1 2
−(m−σi)/2 (resp.
∏t/2
j=1 2
−(m−τj )/2). It follows that∥∥∥M˜σ,τ ;j∥∥∥
max
≤
∥∥∥∥(H−1)⊗t/2Lσ,τ ;j [(H−1)⊗t/2]⊤∥∥∥∥
max
+
∥∥∥∥(H−1)⊗t/2 (Lσ,τ ;j − L˜σ,τ ;j) [(H−1)⊗t/2]⊤∥∥∥∥
max
≤
t/2∏
i=1
2−(m−σi)/2
t/2∏
j=1
2−(m−τj)/2 ·
(∥∥Lσ,τ ;j∥∥
max
+
∥∥∥Lσ,τ ;j − L˜σ,τ ;j∥∥∥
max
)
≤
t/2∏
i=1
2−(m−σi)/2
t/2∏
j=1
2−(m−τj)/2 ·
(∥∥Lσ,τ ;j∥∥
max
+
∥∥∥Lσ,τ ;j − L˜σ,τ ;j∥∥∥
F
)
≤
t/2∏
i=1
2−(m−σi)/2
t/2∏
j=1
2−(m−τj)/2 ·
(∥∥Lσ,τ ;j∥∥
max
+
η
(m+ 1)tnt/2
∥∥Lσ,τ ;j∥∥
F
)
≤
t/2∏
i=1
2−(m−σi)/2
t/2∏
j=1
2−(m−τj)/2 ·
(∥∥Lσ,τ ;j∥∥
max
+
η
(m+ 1)tnt/2
∥∥Lσ,τ ;j∥∥
max
· st
)
=
t/2∏
i=1
2−(m−σi)/2
t/2∏
j=1
2−(m−τj)/2 · ∥∥Lσ,τ ;j∥∥
max
·
(
1 +
η · st
(m+ 1)tnt/2
)
≤ 2 ·
t/2∏
i=1
2−(m−σi)/2
t/2∏
j=1
2−(m−τj )/2 · ∥∥Lσ,τ ;j∥∥
max
,
where the first inequality is triangle inequality, the second inequality follows by (A), the third
inequality follows from monotonicity of Lp norms, the fourth inequality follows from (A), the fifth
inequality follows from the fact that Lσ,τ ;j is s2t sparse, and the final inequality follows from the
hypothesis that η ≤ s−t. Recalling (A), we conclude that
∥∥∥Mσ,τ ;j∗ ∥∥∥
max
≤ 2st as claimed.
Next we show that we can control 〈Z,M〉 for all directions in the net N .
Lemma A.3. Let ξ > 0 and let N ∈ P
(
R
nt/2×nt/2
)
be any collection of M directions. Then
Pr [〈Z,M〉 > ξ · ‖M‖max ∀ M ∈ N ] < 2M · e−8mξ
2
,
where the probability is over the samples Xj for j ∈ Sg.
Proof. Without loss of generality, assume that ‖M‖max = 1. For any j ∈ Sg, note that the sum of
the absolute values of the entries of the matrix
[
(X − pi)⊗t/2
] [
(X − pi)⊗t/2
]⊤
is (
∑
α|(X − pi)α|)2 ≤
(
∑
αXα +
∑
α(pi)α)
2 ≤ 4. So for any j ∈ Sg and M ∈ N ,〈[
(Xi − pi)⊗t/2
] [
(Xi − pi)⊗t/2
]⊤
,M
〉
is a [−4, 4]-valued random variable, call it Ai. By Hoeffding’s inequality,
Pr
∣∣∣∣∣∣ 1m
∑
i∈Sg
Ai − 1
m
∑
i∈Sg
E[Ai]
∣∣∣∣∣∣ ≥ ξ
 ≤ 2e−8mξ2 ,
so we are done by a union bound over the M directions in N
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We may now proceed with the proof of (A). For M ∈ K, by Lemmas A.1 and A.2, there is
some M˜ =
∑
ν ανM
∗
ν such that M
∗
ν ∈ N and
∥∥∥M − M˜∥∥∥ ≤ η. We may write
〈Z,M〉 ≤ 〈Z,M˜ 〉+ ‖Z‖F
∥∥∥M − M˜∥∥∥
F
≤ 〈Z,M˜ 〉+ η · ‖Z‖F
=
∑
ν
αν〈Z,M∗ν 〉+ η · ‖Z‖F
≤
∑
ν
αν · ξ · ‖M∗ν ‖max + η · ‖Z‖F
≤ 2ξ(ℓ log n+ 1)t + η · ‖Z‖F .
where the penultimate step holds with probability 2|N |e−8mξ2 . But observe that because ‖pi‖∞ ≤ 1
for all i ∈ [N ], we have the simple bound that for any X ∈ ∆n and any i ∈ [n],∥∥∥∥[(X − pi)⊗t/2] [(X − pi)⊗t/2]⊤∥∥∥∥
F
=
∑
α,β:|α|=|β|=t/2
(X − pi)2α(X − pi)2β
=
(∑
α
(X2 + p2i − 2Xpi)α
)2
≤
∑
α,β
Xα +
∑
α
(pi)α
2 ≤ 4,
from which we conclude by triangle inequality that ‖Z‖F ≤ 8.
We conclude that 〈Z,M〉 ≤ 2ξ(ℓ log n + 1)t · (log n + 1)t + 4η, so if η = 18 (8t/k)t/2 and ξ =
(8t/k)t/2
4(ℓ logn+1)t , then as long as
m = Ω(ξ−2 log|N |) = Ω (ℓ4 log4 n)t · kt
tt−1
· log(nk/t),
then with probability at least 1− poly(n), there exists an SoS proof of (A) using Axioms 2.
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